
Sequences



Def A sequence is a function whose domain
is the setof positive integers (and codomain

the set of real numbers) . S
-

- IN→ IR .

-

Example⑨1, 2 ,2,3,3,3, 4,4,4,4,5, . . . .
this sequence is

given as a
list of its values . It is implied that
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f-= 4 , - - . .

It is an interesting challenge to find a formula for
rn .

In fact rn =L's t Fn) , nE IN.
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,
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16 , 32 , 64 ,

128 ,
256
,
. . .
this sequence

is called the powers of 2 . pre 2h
-

in c- IN.

In general,for a EIR pn-- an
-

inein ¢powers of a) .



* Often sequences are given by a recursive formula :.
the next member of a sequence is given as a formula
involving previous members .

Exudethis is a recursive formula for Fowers of a, a EIR.
PF I , pnta

= apu ,
nHR, 3 , - - -

Example xE 2 ,
×n+ ,= Iz t In in

- 1543i - r -

X
z
= Zz thz = Zz , X£z= 3123t ITE

Z
,
t Zz = YI , - - -

L= (computers love recursive formulas)
X
n
= 2

,
Xz = Zz , XE Ha , Xu = 547¥ , . . .

1.5 E n .41667 I 1. 41421

An interesting question is : Do the
numbers xnxz,Xs . - - -

approach some limit L ? Does
the limit xn→↳ exist

as n→ to ?



As you can guess from the approximate values
Xu→ Tz as n→ to .

:

we will prove this
eaters
-

Two famous sequences :
xn ⇐ ( Attn)n , n c- IN (sequence given

by a formula)

+f- 2 ,
tn+a=tntcn÷¥ , n- 112,3, - - -

calculate -
-tz-2ttz.stz-2ttzthzutj-2thz.tt#.thz.ts---2tha.tE

.
that E, = ¥!# that # that Is,

t
n
= to tht 's, t .

. - ten
.

( the sum of
reciprocal of

the factorials !)



An amazing fact proved

(Attn )
"
→ e (n→ +a) Easier

÷ that 'z. that
. -- tha

.

-e (n→ to)

hear

A sequence S : INHR converges to : finefast
to Bbk EIR as n

→ too if the following-

condition is satisfied
.

.

Hee > o FINN HRst.tn/N.nsNceHIsn-Hee



If s . converges to ↳ we write ¥y§n=L

Ex#wyi¥Arf
Then finer

"
= O .

Proofs Let E > o be arbitrary.
Need to findAke)

such that#en n>Nce)⇒ Irn-OKE .
-

Simplify : Irn-of fruit Aran .
as before solve torn

•
A

•

take bn of both sides .Solve KYLE nhrlpplsfne here hurts 0
so n>en%nlrT



In fact, since en Irl so we have the following
equivalences en E

Ir YL E ⇐ n hurt she ⇐ n >qtr,

f.• en -

Hence
,
we cansetNe)=•#•

Then NEIN and n> ÷,
I n en Irl Shree⇒ butrisenE

⇒ Irl
"
L E

⇒ Irn- ok E


