
A detailed proof of the
Monotone ConvergenceTheorem
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Fc c- IR s t -
at a Eb foeAbbeB
-II



iTuMonotoneComergeTteorem
If a sequence is monotonic

andbounded,

then it converges .

Pref . Case I . A sequence
is non- decreasing
and bounded above

let AB : IN→ IR be .no#nseugandbdd-abeue.
That is Hn E IN An E Santa (si Esa E

" -ESESn+fi"

and F MEIR such thatfine IN Sn E M
what is RED?

FEAR s t . He>OFNAME)
EIRs .t.

FnEIN we have n>Nce>⇒ Isn-LICE



A B

.si#ssnniiHMFzIIf
This smells like CAT

.
(Ccompleteness Arion)

so
,
set
A = {↳nnn

: ne IN} (range of synod,
B = { b EIR : b is an upper

bound forA}
Clearly At 0, B 70 since MEB .

Clearly the c-AfbEB we have a E b

Ia EA , then a = Sn Eb EB
for some since b is

an upper
n c-IN hand for A .



Thus All the hypothesis of are satisfied
Therefore Fc E IR such that

V.me/NfbeBsnEeEb-yFdemeutof A §lpgGS.ci#anyuppgorboygd~
an upper

bound for the sequences .
Thus c E B (all upper

hounds fors)
(e is called the leastupper

bound forA){In fact we have that a =minB )
c is the minimum ofB



Redo our number line with A and B

T.int#baba

Now we are ready
wtisthepeauaioftupiptwibsamd hrs
c -E -

d-
Set LjCg-guides like a solution .
Let e >o be arbitrary . Then e

- e c.co

but c E b for all b upper bounds for
A .

Therefore c - E is NOTan upper
bound
#forSoo



c - E is NOTan upper bound forA .

How do you say this in Mathisen language?
e-
Thisis
FAke> E IN such that

are- E L SNce, G
2

Now if I taken> NCe)
since Su in non

-decreasing , I have

G 3 Sauce, ⇐ An HnZ Nce)



From GGG222 & GGG 333 we conclude that

the IN n >Nk) ⇒ *- e ssn .
That is : HnEIN n >Nk)⇒ c -Sn s EG4

But we know from GI that fireIN
c>Sn .

Therefore Fn ← IN Isn-ray -AE-An .

Thus 64 can be rewritten as

theIN n> Nce )⇒ Isn-eke



Since e > o was arbitrary, we
have proved that

He> o F NeeseIN such that

the IN n>NCe)⇒ Isn-else .
This proves that L

= e is the

limit of s : IN→tR . We proved
kinetic .


