
In[1]:= NotebookDirectory[]

Out[1]= C:\Dropbox\Work\myweb\Courses\Math_pages\Math_312\

A bijection from ℕ onto ℕxℕ.
The next formula gives an explicit form of  the "repeat sequence".  

In[2]:= Clear[r, n];

r[n_] := Floor 2 n +
1

2


In[4]:= Table[r[n], {n, 1, 50}]

Out[4]= {1, 2, 2, 3, 3, 3, 4, 4, 4, 4, 5, 5, 5, 5, 5, 6,

6, 6, 6, 6, 6, 7, 7, 7, 7, 7, 7, 7, 8, 8, 8, 8, 8, 8,

8, 8, 9, 9, 9, 9, 9, 9, 9, 9, 9, 10, 10, 10, 10, 10}

Recursive formula for the above repeat sequence is 

In[5]:= Clear[rr];

rr[1] = 1; rr[n_] := rr[n] = 1 + rr[n - rr[n - 1]]

In[6]:= rr[2]

Out[6]= 2

In[7]:= Table[rr[k], {k, 1, 120}]

Out[7]= {1, 2, 2, 3, 3, 3, 4, 4, 4, 4, 5, 5, 5, 5, 5, 6, 6, 6, 6, 6, 6, 7,

7, 7, 7, 7, 7, 7, 8, 8, 8, 8, 8, 8, 8, 8, 9, 9, 9, 9, 9, 9, 9, 9,

9, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 11, 11, 11, 11, 11,

11, 11, 11, 11, 11, 11, 12, 12, 12, 12, 12, 12, 12, 12, 12,

12, 12, 12, 13, 13, 13, 13, 13, 13, 13, 13, 13, 13, 13, 13,

13, 14, 14, 14, 14, 14, 14, 14, 14, 14, 14, 14, 14, 14, 14,

15, 15, 15, 15, 15, 15, 15, 15, 15, 15, 15, 15, 15, 15, 15}



The following formula defines the sequence of triangular numbers. 

In[8]:= Clear[T, n];

T[n_] :=
1

2
n (n + 1)

In[10]:= Table[T[n], {n, 0, 50}]

Out[10]= {0, 1, 3, 6, 10, 15, 21, 28, 36, 45, 55, 66, 78, 91, 105, 120,

136, 153, 171, 190, 210, 231, 253, 276, 300, 325, 351, 378,

406, 435, 465, 496, 528, 561, 595, 630, 666, 703, 741, 780,

820, 861, 903, 946, 990, 1035, 1081, 1128, 1176, 1225, 1275}

Now, we can give an explicit formula for a bijection from ℕ onto 
ℕxℕ. 

In[11]:= Clear[n, Bf];

Bf[n_] := {(n - T[r[n] - 1]), (T[r[n]] - n + 1)}

In[13]:= Bf[179]

Out[13]= {8, 12}

This is the table of the first 100 values of Bf : 
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In[14]:= Table[Bf[k], {k, 1, 100}]

Out[14]= {{1, 1}, {1, 2}, {2, 1}, {1, 3}, {2, 2}, {3, 1}, {1, 4}, {2, 3},

{3, 2}, {4, 1}, {1, 5}, {2, 4}, {3, 3}, {4, 2}, {5, 1}, {1, 6},

{2, 5}, {3, 4}, {4, 3}, {5, 2}, {6, 1}, {1, 7}, {2, 6},

{3, 5}, {4, 4}, {5, 3}, {6, 2}, {7, 1}, {1, 8}, {2, 7},

{3, 6}, {4, 5}, {5, 4}, {6, 3}, {7, 2}, {8, 1}, {1, 9},

{2, 8}, {3, 7}, {4, 6}, {5, 5}, {6, 4}, {7, 3}, {8, 2},

{9, 1}, {1, 10}, {2, 9}, {3, 8}, {4, 7}, {5, 6}, {6, 5},

{7, 4}, {8, 3}, {9, 2}, {10, 1}, {1, 11}, {2, 10}, {3, 9},

{4, 8}, {5, 7}, {6, 6}, {7, 5}, {8, 4}, {9, 3}, {10, 2},

{11, 1}, {1, 12}, {2, 11}, {3, 10}, {4, 9}, {5, 8}, {6, 7},

{7, 6}, {8, 5}, {9, 4}, {10, 3}, {11, 2}, {12, 1}, {1, 13},

{2, 12}, {3, 11}, {4, 10}, {5, 9}, {6, 8}, {7, 7}, {8, 6},

{9, 5}, {10, 4}, {11, 3}, {12, 2}, {13, 1}, {1, 14}, {2, 13},

{3, 12}, {4, 11}, {5, 10}, {6, 9}, {7, 8}, {8, 7}, {9, 6}}

The inverse of the function Bf is the following function

In[15]:= Clear[Af, s, t];

(* Af[{s_,t_}]:= (s+t-2)(s+t-1)

2
+s *)

Af[{s_, t_}] :=
(s + t - 1) (s + t)

2
- t + 1

In[17]:= Af[{1, 1}]

Out[17]= 1

In[18]:= Af[{1, 2}]

Out[18]= 2

In[19]:= Af[{2, 1}]

Out[19]= 3
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In[20]:= Af[{8, 12}]

Out[20]= 179

To illustrate that the functions Bf and  Af are inverses of each 
other calculate 

First Af[Bf[n]] for many values  

In[21]:= Af[Bf[12]]

Out[21]= 12

In[22]:= Bf[Af[{123, 54}]]

Out[22]= {123, 54}

Now do it for 100 values. 
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In[23]:= Table[{Af[Bf[k]], k}, {k, 1, 100}]

Out[23]= {{1, 1}, {2, 2}, {3, 3}, {4, 4}, {5, 5}, {6, 6}, {7, 7},

{8, 8}, {9, 9}, {10, 10}, {11, 11}, {12, 12}, {13, 13},

{14, 14}, {15, 15}, {16, 16}, {17, 17}, {18, 18}, {19, 19},

{20, 20}, {21, 21}, {22, 22}, {23, 23}, {24, 24}, {25, 25},

{26, 26}, {27, 27}, {28, 28}, {29, 29}, {30, 30}, {31, 31},

{32, 32}, {33, 33}, {34, 34}, {35, 35}, {36, 36}, {37, 37},

{38, 38}, {39, 39}, {40, 40}, {41, 41}, {42, 42}, {43, 43},

{44, 44}, {45, 45}, {46, 46}, {47, 47}, {48, 48}, {49, 49},

{50, 50}, {51, 51}, {52, 52}, {53, 53}, {54, 54}, {55, 55},

{56, 56}, {57, 57}, {58, 58}, {59, 59}, {60, 60}, {61, 61},

{62, 62}, {63, 63}, {64, 64}, {65, 65}, {66, 66}, {67, 67},

{68, 68}, {69, 69}, {70, 70}, {71, 71}, {72, 72}, {73, 73},

{74, 74}, {75, 75}, {76, 76}, {77, 77}, {78, 78}, {79, 79},

{80, 80}, {81, 81}, {82, 82}, {83, 83}, {84, 84}, {85, 85},

{86, 86}, {87, 87}, {88, 88}, {89, 89}, {90, 90},

{91, 91}, {92, 92}, {93, 93}, {94, 94}, {95, 95},

{96, 96}, {97, 97}, {98, 98}, {99, 99}, {100, 100}}

Now ask Mathematica to confirm that the composition is equal to 
the identity function for the first 100 values: 
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In[24]:= Table[Af[Bf[k]] == k, {k, 1, 100}]

Out[24]= {True, True, True, True, True, True, True, True, True, True,

True, True, True, True, True, True, True, True, True,

True, True, True, True, True, True, True, True, True,

True, True, True, True, True, True, True, True, True,

True, True, True, True, True, True, True, True, True,

True, True, True, True, True, True, True, True, True,

True, True, True, True, True, True, True, True, True,

True, True, True, True, True, True, True, True, True,

True, True, True, True, True, True, True, True, True,

True, True, True, True, True, True, True, True, True,

True, True, True, True, True, True, True, True, True}

Let Mathematica do checking

In[25]:= Apply[And, Table[Af[Bf[k]] == k, {k, 1, 100}]]

Out[25]= True

Pay attention, the table below is large: 

In[26]:= Apply[And, Table[Af[Bf[k]] == k, {k, 1, 100 000}]]

Out[26]= True

Now Bf[Af[{s, t}]] for many values  

In[27]:= Bf[Af[{134, 216}]]

Out[27]= {134, 216}

6     NbijectionNxN.nb



In[28]:= Flatten[Table[Bf[Af[{j, k}]] == {j, k}, {k, 1, 10},

{j, 1, 10}], 1]

Out[28]= {True, True, True, True, True, True, True, True, True, True,

True, True, True, True, True, True, True, True, True,

True, True, True, True, True, True, True, True, True,

True, True, True, True, True, True, True, True, True,

True, True, True, True, True, True, True, True, True,

True, True, True, True, True, True, True, True, True,

True, True, True, True, True, True, True, True, True,

True, True, True, True, True, True, True, True, True,

True, True, True, True, True, True, True, True, True,

True, True, True, True, True, True, True, True, True,

True, True, True, True, True, True, True, True, True}

Or, many more values, with Mathematica doing the checking 

In[29]:= Apply[And,

Flatten[Table[Bf[Af[{j, k}]] == {j, k}, {k, 1, 500},

{j, 1, 500}], 1]]

Out[29]= True

The following two functions will help illustrate how listing of points 
in ℕxℕ works in the coordinate system.  
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In[30]:= Clear[Illustrate, Illustrate1, Illustrate2, s, t, m, n];

Illustrate[m_, n_] := Graphics[{

{Thickness[0.004], GrayLevel[0.7],

{Line[{{#, -1}, {#, 100}}],

Line[{{-1, #}, {100, #}}]} & /@ Range[0, 30]},

{PointSize[0.04], Point[Bf[#]] & /@ Range[1, n]},

{Text[Af[Bf[#]], Bf[#],

BaseStyle → {FontSize → 7, FontColor → White,

FontWeight → "Bold"}]} & /@ Range[1, m]

}]

Illustrate1[n_] := Graphics[{

{Thickness[0.004], GrayLevel[0.7],

{Line[{{#, -1}, {#, 100}}],

Line[{{-1, #}, {100, #}}]} & /@ Range[0, 30]},

{PointSize[0.04], Point[Bf[n]]},

{Text[Af[Bf[n]], Bf[n],

BaseStyle → {FontSize → 7, FontColor → White,

FontWeight → "Bold"}]}

}]

Illustrate2[{s_, t_}] := Graphics[{

{Thickness[0.004], GrayLevel[0.7],

{Line[{{#, -1}, {#, 100}}],

Line[{{-1, #}, {100, #}}]} & /@ Range[0, 30]},

{PointSize[0.04], Point[{s, t}]},

{Text[Af[{s, t}], {s, t},

BaseStyle → {FontSize → 7, FontColor → White,

FontWeight → "Bold"}]}

}]
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In[34]:= Show[

Illustrate1[216],

PlotRange → {{0.5, 20.5}, {0.5, 20.5}}, Frame → True,

AspectRatio → Automatic, ImageSize → 350,

FrameTicks → {Range[1, 20], Range[1, 20], {}, {}}

]

Out[34]=

216
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In[35]:= Show[

Illustrate2[{6, 14}],

PlotRange → {{0.5, 20.5}, {0.5, 20.5}}, Frame → True,

AspectRatio → Automatic, ImageSize → 350,

FrameTicks → {Range[1, 20], Range[1, 20], {}, {}}

]

Out[35]=

177
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In[36]:= Show[

Illustrate1[177],

PlotRange → {{0.5, 20}, {0.5, 20}}, Frame → True,

AspectRatio → Automatic, ImageSize → 350,

FrameTicks → {Range[1, 20], Range[1, 20], {}, {}}

]

Out[36]=
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Now the animation of listing of the first two hundred points
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In[37]:= ListAnimate[Table[Show[

Illustrate[n, n],

PlotRange → {{0.5, 20.5}, {0.5, 20.5}}, Frame → True,

AspectRatio → Automatic, ImageSize → 350,

FrameTicks → {Range[1, 20], Range[1, 20], {}, {}}

], {n, 1, 200}]]

Out[37]=
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In[38]:= Show[

Illustrate[685, 685],

PlotRange → {{0.5, 20.5}, {0.5, 20.5}}, Frame → True,

AspectRatio → Automatic, ImageSize → 350,

FrameTicks → {Range[1, 20], Range[1, 20], {}, {}}

]

Out[38]=

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

210

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

234

235

236

237

238

239

240

241

242

243

244

245

246

247

248

249

250

251

257

258

259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

281

282

283

284

285

286

287

288

289

290

291

292

293

294

295

296

306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

332

333

334

335

336

337

338

339

340

341

342

343

344

345

359

360

361

362

363

364

365

366

367

368

369

370

371

387

388

389

390

391

392

393

394

395

396

397

398

416

417

418

419

420

421

422

423

424

425

426

446

447

448

449

450

451

452

453

454

455

477

478

479

480

481

482

483

484

485

509

510

511

512

513

514

515

516

542

543

544

545

546

547

548

576

577

578

579

580

581

611

612

613

614

615

647

648

649

650

684

685

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

NbijectionNxN.nb     13


