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INDEFINITE STURM-LIOUVILLE OPERATORS
IN POLAR FORM

BRANKO CURGUS, VOLODYMYR DERKACH, AND CARSTEN TRUNK

ABSTRACT. We consider the indefinite Sturm-Liouville differential expression

an=-+ (1)

where a is defined on a finite or infinite open interval I with 0 € I and the coef-
ficients r and w which are locally summable and such that r(z) and (sgn )w(z)
are positive a.e. on I. With the differential expression a we associate a non-
negative self-adjoint operator A in the Krein space L2 (I) which is viewed as a
coupling of symmetric operators in Hilbert spaces related to the intersections
of I with the positive and the negative semi-axis. For the operator A we derive
conditions in terms of the coefficients w and r for the existence of a Riesz basis
consisting of generalized eigenfunctions of A and for the similarity of A to a
self-adjoint operator in a Hilbert space L|2w|(1)‘ These results are obtained
as consequences of abstract results about the regularity of critical points of
nonnegative self-adjoint operators in Krein spaces which are couplings of two
symmetric operators acting in Hilbert spaces.
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1. INTRODUCTION

Let I = (b_,by) be a finite or infinite interval such that —oo < b_ < 0 < by <
+00. We consider the indefinite Sturm-Liouville differential expression a on I that
is given in polar form

(af) (@) == —ﬁ% (Tlx)%f(x)) , (1.1)

where the coefficients r and w are real functions on I satisfying the conditions
row € L (I) and r(z), (sgnx)w(z) >0 foraa x¢€l. (1.2)

With the differential expression a we associate a closed linear operator A in the
weighted Hilbert space space L, (I). The operator A is not self-adjoint in L (I)
but it is self-adjoint and nonnegative in the Krein space L2 (I) which coincides with

L? (I) as a normed vector space and has indefinite inner product

|w|
[F. gl = / f(@)a@)w(@)dz,

see [22] for a similar setting.
We are interested in the following two properties of the differential operator A:

(Ri) Riesz basis property, that is, the existence of a Riesz basis of the Hilbert

space L|2w|(I ) which consists of eigenfunctions and generalized eigenfunc-
tions of A;

(Si) Similarity of A to a self-adjoint operator in the Hilbert space L|2w| (I), that
is, the existence of a bounded and boundedly invertible operator T' such

that 7' AT is self-adjoint in the Hilbert space L, (I).

Our results will be formulated in terms of the functions
Wi(I) ;:/ wi(§)d§, Ri(ac) ;:/ Ti(g)df, x €Iy, (1.3)
0 0

where I_ = (b_,0), I = (0,b4), w_ is the restriction of —w onto I_ and wy is
the restriction of w onto I.

The first result of this kind was given by Beals in [5]. The first proof of the
existence of a weight w, with » = 1, for which A does not have the Riesz basis
property was given by Volkmer in [76]. The first characterization of the Riesz basis
property for the operator A was given by Parfenov [61] in the case when w is odd
and r = 1. Using Pyatkov’s approach via interpolation spaces [64, (5], Parfenov
proves that the Riesz basis property for the operator A holds if and only if the
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function W, is positively increasing at 0. Recall that a nondecreasing positive
function ¢ is called positively increasing at 04 if there exists A € (0,1) such that
limsup, o (p(Az)/@(x)) < 1; ¢ is positively increasing at 0_ if x — —ip(—x) is
positively increasing at 0.

In [58] Kostenko used a different method to characterize the properties (Si) and
(Ri) for differential operator A with odd w and even r. In particular, it was shown
in [58] that the Riesz basis property for the operator A holds if and only if the
function W o R;l is positively increasing at 0.

One of the main results of this paper is the following theorem in which we give
a sufficient condition for the Riesz basis property, in the spirit of Parfenov’s and
Kostenko’s results, but without the assumptions that w is odd and r is even. We
also give a new kind of a characterization of the Riesz basis property when W OR?
are slowly varying functions. Recall that a measurable positive function ¢ is said
to be slowly varying at Oy if for all A > 0 we have lim,o(¢(A\z)/¢(z)) = 1; ¢ is
slowly varying at 0_ if z — —ip(—2x) is slowly varying at 04, for more about slowly
varying functions see Appendix A.

Theorem A. Let the differential expression a satisfy (1.2) and let Wy and Ry
be the functions defined in (1.3). Assume that the spectrum of the operator A
associated with the differential expression a in the Hilbert space L2w‘(I ) is discrete.
Then the eigenvalues of A accumulate on both sides of co and the following two
statements hold.
(a) If either W4 o R;l is positively increasing at 0L or W_ o R™1 s positively
increasing at 0_, then the operator A has the Riesz basis property (Ri).
(b) If W4 o R;l is slowly varying at 04 and W_ o RZ! is slowly varying at 0_,
then the Riesz basis property (Ri) is equivalent to the condition

W (R (-2)\

The main tool that we use in this paper is Langer’s spectral theory of definitizable
operators in Krein spaces, see [59]. Our differential operator A is a nonnegative self-
adjoint operator with a nonempty resolvent set in the Krein space L2 (I). This is a
special kind of a definitizable operator that admits a spectral function E defined on
R\ {0} which behaves similarly to the spectral function of a self-adjoint operator
in a Hilbert space with a possible exception of two critical points 0 and co. A
critical point is called regular if F; is bounded in a neighbourhood of that point.
Otherwise, a critical point is called singular. By ¢4(A) C {0,000} we denote the set
of singular critical points of A and by ¢,.(A) C {0,00} the set of regular critical
points of A.

In the case of discrete spectrum of the differential operator A, the Riesz basis
property of A is equivalent to the regularity of the critical point oo, see [16, Propo-
sition 4.1]. This fact and the paper of Beals [5] were motivation for [16, 18, 33,

, 8,9, 34, 57, 15] to study definitizability and the regularity of the critical point
infinity for differential operators; see also a detailed survey by Fleige [35].

The regularity of both critical points of A is equivalent to A being similar to
self-adjoint operator in a Hilbert space. This fact was used by Curgus and Najman
in [17] to prove that the operator associated with (1.1) where w(x) = sgn(z), r =1
and I = R is similar to a self-adjoint operator in the Hilbert space L?(R). This



4 BRANKO CURGUS, VOLODYMYR DERKACH, AND CARSTEN TRUNK

result was reproved and generalized by Krein space and other methods by several
authors, see [19, 20, 36, 48, 32, 49, 50, 52, 58].

The questions of similarity of a differential operator to self-adjoint operator and
the existence of a Riesz basis consisting of its eigenfunctions arise in problems of
numerical computation of eigenvalues. For example, in [39, Subsection 4.1.2] the au-
thors study the differential expression (1.1) with w(z) = 2, r =1 and I = [-1,1].
To construct an efficient and accurate eigensolver for the associated differential op-
erator it was important that the operator is similar to a self-adjoint operator and
that its eigenfunctions form a Riesz basis of the Hilbert space wa‘[—l, 1]. This
offers a potential application of our results in numerical computation of eigenvalues
for differential operators with more general coefficients than considered in [39].

This paper is organized as follows. In Sections 2 and 3 we establish conditions for
the regularity of the critical points 0 and oo for a nonnegative self-adjoint operator
A with a nonempty resolvent set in an abstract Krein space K. We use a boundary
triple approach to extension theory developed in [55, 37, 26] and we construct A
as a coupling of two abstract symmetric operators Ay = By and A_ = —B_|
where B, and B_ are nonnegative symmetric operators with defect numbers (1,1)
acting in Hilbert spaces H and H_ which form a fundamental decomposition for
K. The coupling method was developed for operators in Hilbert spaces in [25] and
it was used in [48], and also in [51, 49, 50, 58], to study the problem of similarity
of differential operators with indefinite weights to self-adjoint operators in Hilbert
spaces. When boundary triples ((C, I‘ar , Ff) and ((C, Iy, Ff) for the operators B
and B_ are fixed the coupling A of the operators A; and A_ relative to these
boundary triples is uniquely defined as a self-adjoint operator acting in the Krein
space K with the fundamental decomposition K = H [+]H_, see Theorem 3.1.

We use the resolvent criterion of K. Veseli¢ [75] to study regularity of critical
points of the coupling A in terms of the Weyl functions m and m_ of the operators
By and B_. It was shown in [51, 49] that the so-called D..-property

max{Imm (iy),Imm_(iy) }
[m(iy) + m—(—iy)|
is necessary for oo ¢ cs(A). In Theorem 3.10 we prove that D.-property is also

sufficient for co & ¢5(A) provided that the Weyl functions m, and m_ satisfy the
condition:

=0(1) as y— 400

For some yo >0 Remy(iy) Rem_(iy) >0 for all y > yo. (1.5)

Moreover, in Theorem 3.13 we prove that under the assumption (1.5) the one-sided
condition
Imm4 (iy) = O(Remy(iy)) as y— +oo

is sufficient for oo & ¢5(A). In Theorem 3.11 and Theorem 3.14 we prove analogous
results for 0 & c5(A).

In Section 4, the abstract results from Section 3 are adapted to indefinite Sturm-
Liouville operators. Let H4 be the weighted spaces Hy := Lﬁji (I1) and let By be
nonnegative symmetric operators generated in Hy by the differential expressions

IR EAN
bi(f) =—— <—f’> on Ii. (1.6)

Wt \T+
Using the above scheme we represent the operator A as a coupling of two symmetric
operators A, := B4 and A_ := —B_. Conditions for regularity of critical points
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0 and oo of the differential operator are formulated in terms of the functions (1.3).
We use the results of Bennewitz [7] and Kostenko [58] to reformulate one-sided
sufficient conditions for regularity of critical points oo or 0 from Theorem 3.13
in terms of the functions W, and R4. Specifically, in Theorem 4.13, we show
that if either W o Rjrl is positively increasing at 0, or W_ o R=' is positively
increasing at 0_, then oo is a regular critical point for the operator A associated
with indefinite differential expression (1.1). In Theorem 4.17 we prove that in the
case of slowly varying functions Wy o R;l the condition co € ¢, (A) is equivalent
to the condition (1.4) in Theorem A. This result is obtained by combining the
characterization of the regularity of the critical point oo for the operator A from
Theorem 3.10 with the Atkinson asymptotic formula for the Weyl functions m (iy)
and m_(iy) proved in [3] and [7]. Theorem A is a special case of Theorems 4.13
and 4.17.

To show the strength of our results, in Example 4.21 we present an indefinite
Sturm-Liouville operator A with a nonodd weight for which Theorem 4.17 guaran-
tees that oo is a regular critical point, but other known criteria for regularity such as
Volkmer’s condition from [76], Fleige’s condition from [15], Parfenov’s condition [62]
cannot be applied.

In Theorem 4.28 we give a list of sufficient conditions under which we have
0 ¢ c¢s(A) for the differential operator A. In particular, it is shown that in the case
when wy € Li(I4) and w_ € L1(I_) the following equivalence holds

0&cs(A) and kerA=kerA?> < Wy(by)+W_(b_)#0. (1.7)

The proof of this theorem is based on abstract results from Theorems 3.11 and 3.14
and asymptotic formulas for the Weyl functions of the operators B and B_ from
Lemmas 4.10 and 4.11.

In Theorem 4.34 we combine the regularity results for the points 0 and oo to
obtain new results about similarity of the operator A to a self-adjoint operator in
a Hilbert space. In the particular case when w4 € Ly(I4) and w_ € Li(I_) these
results take the folowing form

Theorem B. Let the differential expression a satisfy (1.2) and let Wy, Ry be the
functions defined in (1.3). Assume that wy € L1(I4), w— € L1(I_) and one of the
equivalent conditions in (1.7) is satisfied. Then the following statements hold.
(i) If either W4 o R_T_l is positively increasing at 04 or W_ o R™" is positively
increasing at 0_, then (Si) holds for A.
(ii) If W4 o Rjrl is slowly varying at 04 and W_ o R~ is slowly varying at 0_,
then similarity property (Si) for A is equivalent to condition (1.4).

In Section 4 we systematically use results of Karamata theory, see for exam-
ple [56], about positively increasing and slowly varying functions which are pre-
sented and developed for our purposes in Appendix A. In particular, it is shown
that the condition for the function W o R;l to be slowly varying is equivalent to
Atkinson condition (4.19), see Corollary A.8.

1.1. Notation. By C we denote the set of complex numbers and by R the set of
real numbers. By C (resp. C_) we denote the set of all z € C with positive (resp.
negative) imaginary part. Similarly, Ry (resp. R_) stands for the set of all positive
(resp. negative) reals. For z € C, Z, Rez and Im 2 denote the complex conjugate,
real and imaginary part of z.
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All operators in this paper are closed densely defined linear operators. For such
an operator T', we use the common notation p(7"), dom(T"), ran(T") and ker(T) for
the resolvent set, the domain, the range and the null-space, respectively, of T

We use the asymptotic notation little-o, big-O and ~ defined at +oo as follows:
f(x) =o(g(z)) as x — +oo if and only if lim,—, 1o f(2)/g(z) = 0; f(z) = O(g(z))
as ¢ — +oo if and only if there exist M,a € Ry such that |f(z)| < M|g(x)| for
all z > a; f(z) ~ g(x) as ¢ — 400 if and only if lim, 1o f(z)/g(x) = 1. Similar
notation is used in the right and left neighborhood of 0 with analogous definitions.

2. PRELIMINARIES

2.1. Definitizable operators in Krein spaces. A Krein space (IC, [-,-],c) is
a complex vector space K with a sesquilinear form [-,-]x such that there exist
subspaces H and H_ of K with (H4,[-,-]x) and (H—,—[-,-]x) being Hilbert

spaces and K = H, [+]H_ is a direct and orthogonal sum; this direct orthogonal
sum is called a fundamental decomposition of a Krein space IC. Let Py and P_
be projections associated with the direct sum K = H,+H_. The operator J :=
P, — P_ is called a fundamental symmetry of a Krein space. The space K with
the inner product (x,y)x = [Jz,y|k, x,y € K, is a Hilbert space. All topological
notions in a Krein space refer to the topology of the Hilbert space (IC, (-,) ;C). For
the general theory of Krein spaces and operators acting in them we refer to the
monographs [1, 11]. For a subspace £ C K denote by k(L) (resp. (L)) the least
upper bound of the dimensions of positive (resp. negative) subspaces of L.

Let A be a linear operator in a Krein space (IC, [,- ];g) with a dense domain
dom A. The adjoint of A with respect to the inner product |-, ]k is denoted by
Al The operator A is called symmetric in (IC, [~,~];¢) if A is an extension of
A and A is called self-adjoint in (K,[-,-]xc) if A= AWl The operator A is called
nonnegative in (K, [-,-]x) if [Af, flc > 0 for all f € dom A.

According to [59] a self-adjoint operator A is called definitizable, if its resolvent
set p(A) is nonempty and there exists a real polynomial p such that p(A) is non-
negative. Such polynomial p is called definitizing polynomial of A. The non-real
spectrum of a definitizable operator consists of a finite set of points symmetric with
respect to R. A real number A is said to be a critical point of A if p(A) = 0 for
every definitizing polynomial p of A. Similarly, co is a critical point of A, if at least
one of its definitizing polynomials p is of odd degree and the real spectrum of A is
neither bounded from below, nor bounded from above. The set of critical points of
A is denoted by c(A).

In particular, a self-adjoint nonnegative operator A with nonempty resolvent set
p(A) is definitizable with definitizing polynomial p(A\) = A and the only possible
critical points of A are 0 and co.

A definitizable operator A admits a spectral function F, see [59, Theorem I1.3.1],
defined on the semiring R generated by all intervals whose endpoints are not critical
points of A with E(A) being self-adjoint projection in (K, [-,]x) for every A € R.
Moreover,

(E(A)K,[-,-]k) is a Hilbert space whenever A C {t € R: p(t) > 0}. (2.1)

It follows from the properties of the spectral function E, see [59], that the restriction
of A to its spectral subspace E(A)K in (2.1) is a self-adjoint operator in the Hilbert
space (E(A)K, [+, ]x). A similar statement holds for intervals in {¢t € R : p(t) < 0}.
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However, if one of the endpoints of the interval approaches a critical point, it may
happen that the norms of the corresponding spectral projections are unbounded.
More precisely, a point « € ¢(A) is called a regular critical point of A, if there exists
a neighbourhood G of « such that

the set of projections {E(A): A€ R, AcC G\{a}} isbounded.

The set of all regular critical points of A is denoted by ¢,(A). A critical point of
A which is not regular is called singular critical point of A. The set of all singular
critical points of A is denoted by cs(A4). It is often difficult to decide whether a
critical point is singular or regular. A widely used characterization for co & ¢, (A)
is from K. Veseli¢ [75], see also [11, Corollaries 1.5 and 1.6], [2]. Due to the Uniform
Boundedness Principle it can be reformulated as follows.

Theorem 2.1. Let A be a definitizable operator in a Krein space (KC,[-,]xc) and
a € R. Then:

(a) oo & cs(A) if and only if there exists no > 0 such that for every f € K

n

/ Re[(A —iy)~'f, fLCdy =0(1) as n— +oo. (2.2)

70

(b) « & cs(A) and ker(A—a) = ker((A— )?) if and only if there exists g > 0
such that for every f € K

/770 Re[(A—a—iy)~'f, f]/Cdy =0(1) as n—0. (2.3)

Let us consider a nonnegative operator A in a Krein space (IC, [,- ],c) Then, as
mentioned above, the only possible critical points are 0 and co. Assume that (2.2)
holds. Then, by the proof of [40, Lemma 1] this implies that the set of projections
E((1,n)) and E((—n,—1)), n € N, is bounded, which in turn implies co & cs(A).
Moreover, it is easy to see that the new inner product defined for f,g € (I —
E([-1,1]))K via

(f,9new = lim [(E(1,n)) — E((—n,—1)f,g]

n—00

is a Hilbert space inner product and that the restriction of A to (I — E([—1,1]))K
is self-adjoint in the corresponding Hilbert space. A similar reasoning using (2.3)
holds for the point zero. This implies the following well-known statement (see, e.g.

[59])-

Theorem 2.2. A nonnegative operator A in a Krein space has the similarity prop-
erty (Si) if and only if p(A) # 0, ker(A) = ker(A?) and 0,00 ¢ cs(A).

2.2. Boundary triples and Weyl functions of symmetric operators. In this
subsection we will use S for a closed densely defined symmetric operator in the
Krein space (K, [-,-]x). Let p(S) denote the set of points of regular type of S,
see [1], and let M, denote the defect subspace of the operator S

N, :=ran(S —2)H, 2 e p5(9).

The numbers n4 (S) := dim(N,) are constant for all z € p(S) N Cy and are called
defect numbers of S.
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In what follows we assume that the operator S admits a self-adjoint extension S

in (K, [+, ]x) with a nonempty resolvent set p(S). Then for all z € p(S) we have
dom(S™) = dom(S) + 9.  direct sum in  H. (2.4)

This implies, in particular, that the dimension dim(91,) is constant for all z € p(.5)
and hence ny(S) = n_(S). Moreover, we assume everywhere in this paper that
n4(S) = 1. Notice that the coincidence of defect numbers of a symmetric operator

S in a Krein space does not imply the existence of self-adjoint extension S of .S,
see [70].
Definition 2.3. Let I'g and I'; be linear mappings from dom(S!"!) to C such that

(i) the mapping I': f — (£0§> from dom(S!*!) to C? is surjective;
1

(ii) the abstract Green’s identity

[S¥£, 9] = [£.5Mg] . = (T1f)(Tog) — (Lof)(T1g) (2.5)
holds for all f, g € dom(S*).
Then the triple ((C,l"o,l"l) is called a boundary triple for ST, see [37, 20, 23] for

much more general setting.

It follows from (2.5) that the extensions Sp, S7 of S defined as restrictions of ST
to the domains

dom(Sy) := ker(T'y), and dom(Sy) := ker(T'y)

are self-adjoint extensions of S. B
Given a self-adjoint extension S of S with nonempty p(S) one can always choose
a boundary triple ((C, Lo, I‘l) for S such that Sy = S, see [24, Proposition 2.2]. In

this case for every z € p(Sp) the decomposition (2.4) holds with S = S, and the
mapping T'o|m, : 91, — C is invertible for every z € p(Sp). A vector-valued function
~(2) defined on p(Sp) with values in M, is called the 7-field of S, associated with
the boundary triple ((C, I, 1"1) if

Tov(z) =1 forall ze p(Soy).
Notice, that v(z) satisfies the equality, see [24, Proposition 2.2],
7(2) = (So = 20)(So — 2)'7(20), 2,20 € p(So) (2.6)
and hence the vector-valued function ~y(z) is holomorphic on p(Sp).
Definition 2.4. The function M (z) defined by the equality

M(Z)Fofz =I1f.,, f.eMN.,z€ P(So)a

is called the abstract Weyl function of S, corresponding to the boundary triple
((Cu FOu Fl) .

The notion of the abstract Weyl function was introduced in [26] for a Hilbert
space symmetric operator and in [23] for a Krein space symmetric operator.

Clearly, M(z) =T'1y(z) for z € p(Sp), and hence M (z) is well defined. It follows
from (2.5) and (2.6) that the Weyl function M (z) satisfies the identity

M(z) = M(w) = (z =) [v(2),7(w)]k,  2z,w € p(So)- (2.7)
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With w = Z the identity (2.7) yields that the Weyl function M satisfies the sym-
metry condition

M(Z)=M(z), =€ p(So). (2.8)

In the case when (H, (-, >H) is a Hilbert space we will use the notation B for
a closed densely defined symmetric operator in the Hilbert space H with defect
numbers (1,1). Let ((C,I‘O,I‘l) be a boundary triple for B#*). We will use the
notations m(z) and yp(z) for the abstract Weyl function and for the v-field of B
corresponding to the boundary triple ((C,FO,Fl). It follows from (2.7) and (2.8)
that m is a Nevanlinna function, see [15], i.e. m is holomorphic at least on C\ R
and satisfies the following two conditions

m(zZ) =m(z) and Imm(z) >0, z € Cy.

Since the operator B is densely defined the following two conditions hold (see [27,
Theorem 7.36])

lim y*

yT+oo oo

m(iy) =0, ylrlJrrn yImm(iy) = +oo. (2.9)

Assume that the operators B and its self-adjoint extension By with the domain
dom By = kerI'y are nonnegative. Then the Weyl function m is holomorphic on
R_. A Nevanlinna function m with the above property which, in addition, takes
nonnegative values for all z € R_ is called a Stieltjes function. The class of all
Stieltjes functions is denoted by S.

A Stieltjes function m admits the integral representation, [45],

+° Jo
m(z) =a —i—/o ;lf(tz) (2.10)

with a > 0 and with a non-decreasing function o(t), such that fOJrOO dlg _ﬁ? converges

Notice, that for the Stieltjes function m with the integral representation (2.10) the
latter condition in (2.9) is equivalent to

—+oo
/ do(t) = +o0. (2.11)
0
The following statement is immediate from (2.10) and (2.11).

Proposition 2.5. Let m € S and (2.9) hold. Then Rem(iy) > 0 for all y € R,..

2.3. Real operators. Recall the notions of real operator and real vector valued
function with respect to some conjugation, see [30, Section II1.5] and [26, 55].

Definition 2.6. An involution jx on a Krein space (IC, [-,- ];g) is called a conju-
gation on K if

S, ixglc =g, [l forall f.gek. (2.12)
A closed operator T' in a Krein space K is called real, if

j/C dom(T) = dom(T) and j/CT = Tj)c.
Every conjugation is an anti-linear operator, see [73, Section IX.2], i.e.
Jx\f +pg) = Njxf +mjxg forall f,ge K, \,ueC.

If T is real and densely defined then its adjoint T* is also a real operator in K.
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A vector f in K is called real with respect to the conjugation ji, if jf = f. An
arbitrary vector f € KC can be decomposed into the sum

f=f+if!, where ff= %(f+j;gf) and fI= %(f—j,cf) are real.
(2.13)
Let j be the standard conjugation in C, jz = Z for all z € C. A scalar function
m(z) is called real, if its domain of holomorphy b, is symmetric with respect to
R and m(Z) = m(z) for all z € b,,. Similarly, a vector valued function ~(z) with
domain of holomorphy b, = E and values in KC, v : b, — K, is called real, if

v(Z) = jxy(z) forall zeb,. (2.14)

Let a symmetric operator S be real in K with the conjugation jx. A boundary
triple ((C,l"o,l"l) for S is called real, if

Jlo=Tojc and jI'' =Tjk.
Every real symmetric operator S admits a real boundary triple ((C, To, 1"1) and the
corresponding Weyl function M and the v-field v are real, see [55] for the case of a
Hilbert space K.
3. REGULARITY OF CRITICAL POINTS OF COUPLINGS IN KREIN SPACES

3.1. Couplings of symmetric operators in Krein spaces. In this section we

consider two Krein spaces (ICJ” [, ~];¢+) and (IC,, [, ~];¢7). Let their direct sum
K =Ki[+]K-
be endowed with the natural inner product
o+ =94 +9-Ic = [f+,94]c, +[f-9-]c_,  fr.9+ €Ky (3.1)
Consider two closed symmetric densely defined operators A1 and A_ with defect
numbers (1,1) acting in the Krein spaces (K4, [, ]k, ) and (K_,[-,-]x_). Let

((C, I‘Oi, I‘li) be a boundary triple for A[i*]. Let My and a4, be the corresponding
Weyl function and the vy-field. By A4 ¢ we denote the self-adjoint extension of A4
which is defined on

dom(As0) =ker(Iy) by Aso=AL| .
Then the functions My are defined and holomorphic on p(Ax ). Assume that
p(At,0) N p(A- ) # 0. (32)

The following theorem is an indefinite version of a result from [25] which is, in
this form, presented in [14, 29].

Theorem 3.1. Let AL be closed symmetric densely defined operators with defect
numbers (1,1) in the Krein spaces Ky. Let (C,Fg,Ff) be boundary triples for

A[i*] which satisfy (3.2). Let My and ya, be the Weyl functions and the ~y-fields
of Ay corresponding to the boundary triples ((C,th,ch), and let S and A be the

restrictions of AE:] [—I—]A[_*] to the domains

_J(F+) . Do) =To(f-) =0, om (A
dom(S)—{<fJ_r). F%(fi)JrFlg(f-):O, fred (Ai)}, (3.3)
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_J(f+) . To(fv) =Tq(f), 4
dom(A) = {(;‘) : F%(fi) N Flg(ff) _0, f+ € dom(AY )} . (3.4)
Then the following statements hold:

(a) The operator S is symmetric with defect numbers (1,1) and A is a self-
adjoint extension of S.
(b) The adjoint St of S is the restriction of AL[+]AT to the domain

dom(s) = { (1) 0300 =151, 12 € dom(al) |
and a boundary triple ((C,FO,Fl) for SU) is given by
Pof =T{fr, Tof =Tffe+Tif, f= (§j> cdom(s).  (35)

(¢c) The Weyl function and the ~-field of S relative to the boundary triple
(C,I‘O,I‘l) are

M(z) = My(2)+ M_(2), ~(z)= ( 31 8 ) , zeC\R. (3.6)

(d) If z € p(As0) Np(A_ o) then z € p(A) if and only if My (z) + M_(z) #0.
(e) The resolvent of the operator A is given by
-1, -1 [f?V(E)]IC
(A - Z) f= (Ao - Z) f— mW(z)a z € p(A)Np(Ao), (3.7)
where Ag = Ay o[+]A—0 and f € K.

Definition 3.2. The operator A defined in Theorem 3.1(a) is called the coupling
of the operators Ay and A_ in the Krein space (IC, [~,~];¢) relative to the triples
((C, Iy, Ff) and ((C,F(],Fl_) and Ag = Ay o[+]A_ o is called the decoupled opera-
tor.

The next statement was proved in [58, Lemma 5.4]. For the convenience of the
reader we present here a proof based on Theorem 3.1.

Lemma 3.3. Let (H, (-, )x) be a Hilbert space with a conjugation ji, let B be a
closed densely defined real symmetric operator in H with defect numbers (1,1), let
((C,FO,I‘l) be a real boundary triple for B*) | let m and vp be the corresponding
Weyl function and the v-field for B and define

h(z) = (h,B(2)),, heH, zeC\R. (3.8)
Then the following inequality holds for all real h € H:
0 }Im/f\z(iy)2| 9

————dy < 27||h 3.9

| sty < 2 (39)

Proof. Let K4 and K_ be two copies of the Hilbert space H and let us set A, := B
and A_ := —B. Notice that ((C,FO,Fl) is a boundary triple for AE:], ((C, T, —Fl)
is a boundary triple for AT and the corresponding Weyl functions M, (), M_(z)
and the y—fields y4, (2) and y4_(2) take the form

Mi(z) =m(z), M_(z) =-m(=2), 7a,(2) =78(2), 74 (2) =7B(-2).

Let A be the coupling of A, A_ acting in the Hilbert space K = KL &K_ = HHH,
let Ag = By @ (—By) be the decoupled operator as defined in Definition 3.2, By
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being the restriction of B*) to ker I'y and let us denote by (-, -)x the scalar product
in K=K, @K_ =H®H. Applying Theorem 3.1 to the operators A, and A_
one obtains from (3.7) for vector f = h @ 0, h € H the equality

i)l -1 _ h(iy)h(=iy)
(A=) fe = (o i)™ f ) = oo s

Since A and Aq are self-adjoint operators in the Hilbert space K = H & H, an
application of the functional calculus yields

/0 Re((A — i)™ f.f) | dy < ZIIFI2 (3.11)

(3.10)

| IR0 =) £ 1)l v < A1 (3.12)

for all f € KC. Since the boundary triple ((C, I, 1"1) is real, yp is real as well. If, in
addition, h is real, then

juh=h, juye(iy) =~v(—iy) forall yeR,
and by (3.8) and Definition 2.6

~

ﬁ( y) = (v (iy), h),, = (b uvs(iy)),, = (hys(=iy)),, = hiiy).  (3.13)
y (3.10), (3.11), (3.12) and (3.13)

= hiy)®
Re ————————dy < || f||3 = 7[|h||3

/0 m(iy) — m(—iy) " *

Using the equality m(iy) — m(—iy) = 2iIm m(iy) one obtains for all real h € H:
o0 ‘Imﬁ(iy)2| o h(iy)>
%dyz/ Re — P dy < 7||hl|3
/0 2Imm(iy) 0 m(iy) — m(—iy) "

This proves (3.9). O

In the following lemma we apply Theorem 3.1 to two real symmetric operators
B, and B_ acting in Hilbert spaces H and H_ and obtain estimates for a family
of weighted L2-norms of “generalized Fourier transforms”

fr(2) = (fe18.(2))y,,. fr€He, 2€C\R. (3.14)

Lemma 3.4. Let Hy be Hilbert spaces with conjugations jy ., let B4+ be closed
densely defined real symmetric operators in Hy with defect numbers (1,1), let

((C,Foi,Ff) be real boundary triples for B<i*>, and let my and yp, be the corre-
sponding Weyl functions and the v-fields for By. Then the following inequalities
hold for all real fy € H4:

toor o 2 [Re(ma (iy) +m(iy)
/ ‘fi(zy)‘ [Re( ; ; 2)}dy
0 Im-(iy) +m—(iy)|
Proof. 1. In this step we prove that for all real f+ € Hi we have
oo ~ Re(my (iy) + m—(i
[ e Tt s )t
0 Im-(iy) +m—(iy)|

<onllfeld.,  (3.15)

dy <3| fl3, - (3.16)
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Applying Theorem 3.1 to the operators Ay := B, and A_ := B_ in Hilbert spaces
Ky =Hy, Ko :=H_ and taking f = f1 & f_, f+ € H4, one obtains the equality

R Y — (At gy ) + T i) (P (=iy) + (i)
A D) = (=) ) e (iy) + m_ (i)

where A is the coupling of Ay and A_ defined by (3.4), Ag is the decoupled operator,
as defined in Definition 3.2. Since A and Ay are self-adjoint operators in the Hilbert
space H := H, &H_ one obtains from (3.11), (3.12) and (3.13) for all real f1 € Hy

/+°° (FiGiy) + F-(iy))®
0

Re SHLE Iy < 1 (3.17)
ug(ty) := Remy (iy), vy (iy) :=Immy (iy), (3.18)
U(iy) == Re((f1(iy) + F-(y))?),  V(iy) == Im((f+ (i) + F-(iy))?).
Then inequality (3.17) can be rewritten as
/*“’ |Uiy) (s (iy) +u—(iy)) + V(iy)(vs (iy) + v (iy))]
0 .y (i) +m_(iy)|”
In particular, setting subsequently f_ =0 or fy = 0, one obtains

Set

dy < = 3

/+<>o ‘Re(fi(iy)z) (ug (i) +u—(iy)) + Im(fr(iy)?) (v (iy) + v_(iy)) ‘ .
y

[ (i) +m(iy)|”
<7l fellfe,- (319)
By (3.9) for every real fi € Hy

dy < 27| f+ll3,,
(3.20)

+oo [T (Fa(i9)?) (v (i) + v— (i) +oo [T (Fa(i9)?)|
/ . N dy S/ —_—

0 |my (iy) +m_(iy)] 0 Immy (iy)
and thus (3.19) and (3.20) imply for every real fi € Hy

e o(Fo(in)2 lut(iy) + u—(iy)| - 2
J) - rett®) |y <

which proves (3.16).

2. To prove (3.15) we notice that from
Jus (i) +u_(y)l
Im(iy) +m—(iy)| ~

and (3.9) we obtain

o s (iy) + u(iy)] roo [ (fa(iy)?)]
/0 ‘Im(fi(ly) )‘ e (i) - (i) 2 S/0 s Gy) (i) Y

+oo [Im(Fe(i9)?)| (3.21)
[ mon]
0 Imm (iy)
< 27| fell3,
for all real fi € Hi. Now (3.15) follows from (3.16) and (3.21). O
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Remark 3.5. It follows from (3.13) that the inequalities (3.9) in Lemma 3.3 and
(3.15) in Lemma 3.4 remain in force when we substitute f4 (iy) by fi(—iy) for all
real f1 € Hy:

dy < 27| fell3,,,

/+oo ‘Im(fi(—iy)2)‘

Imm (iy)

y <5l fellf, -

oo » 2 |Re(m+(iy)+m—(iy))|d
/o [Fel=in) Im (i) + m_ (i)

3.2. Veseli¢ condition and coupling. In the rest of this section we make the
following general assumptions:

(A1) (Hx,(-,-)n. ) are Hilbert spaces with conjugations jy, and (K4,[-, ]x.)
are Krein spaces defined by
IC+:H+7 ['7']’C+:<'7'>H+7 K—:H—a ['7']’C7:_<'7'>'H7'
(A2) (K,[-,]k) is a Krein space with the fundamental decomposition K :=

K4 [+]K- and the inner product (3.1).

(A3) B4 are real closed nonnegative symmetric densely defined operators with
defect indices (1,1) in the Hilbert spaces (M4, (-, ). ) and let A} and
A_ be symmetric operators in the Krein spaces K and K_, respectively:

A+ = B+, A, = —DB_.

(A4) (C, th,rf) are real boundary triples for B§:> and my(z) and yp, (2) are
the corresponding Weyl functions and the y—fields.

(A5) Ais the coupling of the operators A4 and A_ in the Krein space (K, [-,]x)
relative to the triples ((C, F(J{, I‘f) and ((C, Iy, I‘f).

By B4, we denote the self-adjoint extension of By which is defined on
_ + _ px
dom(By ) = ker(I'y) by Bio=BY ‘ker(FOi)'
Clearly, ((C, I‘g, I‘li) are also boundary triples for A[I]. The Weyl functions M4 (2)

and the ~-fields 4, (z) of the operators AL corresponding to ((C, l"(jf, I‘f) are con-
nected with the Weyl functions m (z) and the v-fields vp, (2) of the operators By
by the equalities

My(z) =my(£2), va.(2) =7B.(F2), 2z € p(Bio).

In the next lemma we reformulate the Veseli¢ condition from Theorem 2.1 for
the coupling A of two nonnegative operators as defined in Definition 3.2, cf. [29]
and [14].

Lemma 3.6. Let conditions (Al) through (A5) be satisfied. Then the following
statements hold:

(i) The coupling A is definitizable and oo € c(A).

(ii) oo € ¢,-(A) if and only if there exists ny > 0 such that for all real fy € Hy

[ (Fetiy) + F- ()"

e ) T (i) W= OW as o oo (3.22)
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(iii) 0 & cs(A) and ker A = ker A? if and only if there is 19 > 0 such that for all
real f1 € Hy
o oy Do N2
/ Re U+ () + f- (=)
7

m (iy) +m_(—iy)

dy=0(1) as nlo0. (3.23)

Proof. (i) Since my, m_ € S, by Proposition 2.5 we have Re(m. (iy) +m_(—iy)) >
0 for all y € Ry. Then, by Theorem 3.1(d) for the operator A from Definition 3.2
we have p(A) # 0.

The operator Ag = By g @ (—B_ ) is definitizable, and co € ¢(A4y) as, by
assumptions, By o are unbounded. Since the resolvent (A — z)~! of A is a one-
dimensional perturbation of the resolvent (Ag—2)~1, see (3.7), the claim (i) follows
from [42, Theorem 1].

(ii) Applying Theorem 3.1 to the operators A, = By and A_ = —B_ in the
inner product spaces (K4,[-, ]xy) = (Ha,£(:, )%, ) one obtains the equality

[£,7@)] ()

my(z) +my(-2)

)

[(A=2) "1 e = [(Ao = 2) 7 £ fc -

where A9 = By o ® (—B_,), z € p(A) N p(Ap). Since A is a self-adjoint operator
in H Theorem 2.1 and (3.12) imply that the condition co & ¢5(A) is equivalent to

n [f,fy(—iy)},c[”)/(iy)vf]lc _
/%Re )+ m— () 0= W

n—+oo forall felk. (3.24)

Decompose f € K into its “real” and “imaginary” part, f = ff +if!, where f%
and f! are real, see (2.13). Since the vector valued functions g, (2) are real, it
follows from (2.12) and (2.14) that

[’Y(Zy)a fR];C = [va FY(_Zy)]]Ca [’Y(Zy)a fI];C = [fla ’Y(_Zy)};c
and hence

[fov(=i)] V), fl e = [FE+ it v(=iy)] [vGy), FR+if '
= [fR =iy + [ (=) -
Therefore, 0o ¢ c5(A) if and only if (3.24) hold for all real f € K. Since
=iy e = (Frovme (=), = (F-vB_ (i), = J2(iy) = F-(=iy), (3.25)
condition (3.24) takes the form

/’7 (Fx(iy) — - (=iy))?

B (i) T (i)

which reduces to (3.22) when we substitute f_ with —f_.
(iii) By Theorem 2.1 and (3.12) we have that the conjunction 0 ¢ ¢s(A) and
ker A = ker A? is equivalent to

/““ Re Loy (=iy)] [ (), f]
" m4 (iy) + m—(—iy)

The reasoning in the proof of item (ii) shows that the preceding equivalence is
preserved if f in (3.26) is restricted to be real, which in view of (3.25) yields
(3.23). O

dy=0(1) as n— +oo,

Kdy=0(1) as nl0 forall fek. (3.26)
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Remark 3.7. The coupling A in Lemma 3.6 is not necessary non-negative, so it
may have other critical points « distinct from 0. A criterion for o ¢ ¢4(A) can
be derived from Lemma 3.6 (iii) by using the shift A — A — al. However, we
do not pursue this case here, since the main object of this paper, the operator
A in Section 5 associated with the indefinite Sturm-Liouville expression (1.1) is
non-negative.

3.3. D-properties and conditions for regularity.

Definition 3.8. A pair of Nevanlinna functions m4 and m_ is said to have the
D -property (resp. Do-property) if

max{Im my (iy), Imm_ (zy)}
|my (iy) +m_(—iy)|

=0(1) as y— +oo (resp.yl0). (3.27)
Lemma 3.9. Assume that a pair my and m_ has the Doo-property (resp. Do-
property). Then

— = as y— +oo (resp. yl0). (3.28)

my (iy) +m_(iy)
If, in addition, there exists yo > 0 such that

Remy (iy)Rem_(iy) >0 forall y>yo (resp. 0<y < yo), (3.29)
then

my (zy) —m- (Zy) 0(1)

as y— +oo (resp. yl0). (3.30)

m (iy) + m—(iy)

Proof. Assume that the pair my and m_ has D-property. To prove (3.28) we use
the notation u4 (iy) and vy (iy) introduced in (3.18). With this notation we have

[ (i) + m—(iy)|* = (us (iy) + u-(i9))” + (04 (i) + v-(iy))’
and
|u(iy) + u—(iy)|
I (iy) + m—(iy)]
By the D,-property

<1 forall y>0.

jme (iy) +m—(iy)|
Hence (3.28) holds.

To prove (3.30), assume further that there exists yo > 0 such that (3.29) holds
for all y > yo. Then (3.29) yields

as Yy — +00.

| Rem (iy)| | Rem (iy)|
Imy (iy) + m_(iy)]  [Remy(iy) + Rem_(iy)|

which, together with (3.27), imply (3.30).

To prove the claims involving the Dy-property we notice that if the pair m(2)
and m_(z) has the Dg-property, then the pair m4 (—1/z) and m_(—1/z) has the
D.-property and we apply already proven statements to the functions m4 (—1/2)
and m_(—1/z). O

<1 forall y>yo,
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As was shown in [51] and [49] the Doo-property (Do-property, respectively) is
necessary for the condition co & ¢5(A) (0 & c5(A), respectively).

In the next theorem we show that the D..-property becomes also sufficient for
00 & cs(A) if it is supplemented by the assumption (3.29).

Theorem 3.10. Let conditions (A1) through (A5) be satisfied and assume that
there exists yo > 0 such that

Remy (iy)Rem_(iy) >0 for all y > yo. (3.31)

Then the coupling A is definitizable in the Krein space (K,[-,-]x), oo € ¢(A) and
the following equivalence holds:

o €c.(A) < the pair my and m_ has Do -property.

Proof. The definitizability of A and co € ¢(A) follow from item (i) in Lemma 3.6.
The necessity of the condition that the pair my and m_ has D-property for
o0 & ¢s(A) was proved in [51] and [19].
To prove sufficiency, assume that the pair m; and m_ has D..-property. We
use Lemma 3.6(ii) to prove co € ¢,(A). The integral in (3.22) can be rewritten as
the sum I (f1, f—) + Ia(f+, f—) of two integrals

L) = /77 Re((f—i—(iy) + f—(—iy))2) (u.,.(zy) + u_(zy)) ay
" (i) + )|

L(fe.f ) = / 7 Im ((f (iy) + F- (—iy))?) (v+ (iy) —v_(iy))dy
" i)+ m (i)

where we use the notation introduced in (3.18).
We will prove that both of these integrals are bounded as n — +oco0. By
Lemma 3.9 there exist y;,C7 > 0 such that

‘er(zy) +m_(iy) <Cp forall y>uy. (3.32)

m(iy) + m—(iy)

It follows from (3.32) and (3.15) that for all n > 1y > y; we have

/n f;(iy)’z |u+('iy)+u7(i.y)|2dy < /n fi(iy)’z |U+('¢y)+u7(i.y)|2dy
70 m4 (iy) + m_(zy)‘ 70 |mo (iy) + m_(iy)]
< 5mCF|| fx]*.
This proves that
[0 (fes £ < 107G (1 F4lBe, + 17— 13.) (3.33)

for all real fi € Hy and for all n > ny > y;.
It follows from (3.30) that there exist y2, C2 > 0 such that

m (iy) — m—(iy)

m(iy) + m—(iy)

< Cy forall y>yo.
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The preceding inequality yields that for all real f+ € H4 and for all n > ng > ya
we have

m((fy(iy) + f-(=iy))?)| v (iy) — v_(iy)]
2 dy

, ("
|L(f+, f-)] < C3 /no |m (iy) — m—(iy)|

0 | Tm((Fy (i f(—iy))?
SCS/ Im ((f+(iy) + f-(—iy))?) ” (330

Im(m (iy) — m—(iy))
where for the second inequality we used that
[ (i) = m— ()| = i (iy) + v- (i) = o4 (iy) = v- ()| for all y>0.
Next we prove the inequality

/ﬂ [m ((f= (i) + F—(—iy))?)|
o Im(my (iy) — m_(iy))

dy <27 (| f 13, +11/=13) (3.35)

for all real fi € Hy and for all n > 19 > y2. This inequality will be deduced from
(3.9) in Lemma 3.3 applied to the symmetric operator S defined in Theorem 3.1
with the following specific setting.

The Krein space (K4, [+, ], ) is the Hilbert spaces (H4, (-, )2, ), the Krein
space (K_,[-,-]x_) is the Hilbert spaces (H_,(-,-)%_), the symmetric operator
A, is given by Ay = B, and the symmetric operator A_ is given by A_ = —B_.
Notice that in this part of the proof the spaces K, and K_ differ from those in
(A1l). The operator Ay is a closed symmetric densely defined operator with defect
numbers (1,1) in the Hilbert space (ICi, [- ,-],ci). Furthermore, ((C,FBL,FIL) is
a boundary triple for Aiﬁ (the adjoint in the Hilbert space K1 = H4) with the
corresponding Weyl function and the y—field given by

z—=my(z), zr—B.(2), z€C\R,

Wh1le ((C, Iy, f) is a boundary triple for A *) (the adjoint in the Hilbert space
= H_) with the corresponding Weyl function and the y—field given by

z—=—m_(—z), zwyp_(—2), z€C\R

The operator S defined in Theorem 3.1 on the domain (3.3) is a real densely defined
symmetric operator with defect numbers (1,1) acting in a Hilbert space K, [-, -]k
which is the direct sum, K = H @ H_, of the Hilbert spaces (H, (-, )2, ) and
(H_, (- >H,)' A real boundary triple for S¢* is the boundary triple ((C, I, 1"1)
given in (3.5). The corresponding Weyl function M(z) and the vy-field v(z) are
given by

vB_(

M(z) = my(z) —m(=2), (z) = < 7B, {%) . 2EC\R,

see (3.6). For f = <§+) eK =M+ ®H_, from (3.14), we obtain

f(ly) = [f57(_ly)}]c = <f+7FYB+ (_Zy)>7.[+ + <f,,737 (Zy)>7.[7 = fAJr(Zy) + f*(_ly)
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Now (3.35) follows by applying (3.9) in Lemma 3.3 to the real symmetric operator
S acting in the Hilbert space K. Inequalities (3.34) and (3.35) yield

[Lo(f f-)| < CR2m (I 45, + I1F-15) (3.36)
for all real f1 € Hy and for all n > 19 > y2. From (3.33) and (3.36) it follows that
(3.22) holds. Hence Lemma 3.6(ii) implies co € ¢,(A). O

In the next theorem we give a criterion for 0 ¢ ¢s(A) formulated in terms of
Dy-property.

Theorem 3.11. Let conditions (Al) through (A5) be satisfied and assume that
there exists yo > 0 such that the Weyl functions m4 and m_ satisfy the condition

Remy (iy) Rem_(iy) >0 forall 0<y < yp.
Then
0¢&cs(A) and kerA=ker A> <& the pair my and m_ has Do-property.

Proof. The necessity of the Dg-property for 0 € ¢s(A) was proved in [51], [19].
To prove the sufficiency we will employ Lemma 3.6 and decompose the integral
in (3.22) into a sum I1(f4, f—) + I2(f+, f—) of two integrals

™ Re((F4 (i) + F-(—i))?) (u (iy) + u_(iy))
L(fy, fo) = /n ’er(Z_y) P 3 dy,
bfe f ) = / (£ () + F- (<)) (v i) —v-(iw)

— 3
" (i) + m—(i)|
The estimates for I (f1, f—) and Iy(fy, f—) for every fiy € H, similar to those
in (3.33) and (3.36) follow in the same way as in the proof of Theorem 3.10. O

Remark 3.12. The coupling A in Lemma 3.6 is not necessarily non-negative, so
it may have other critical points « distinct from 0. However, in the present paper
we formulate the regularity conditions only for point 0 since the main object of
Section 4, the operator A associated with the indefinite Sturm-Liouville expres-
sion (1.1), is non-negative.

3.4. One-sided sufficient conditions for regularity. In the next theorem we
give a one-sided condition which is sufficient for co & ¢s(A).

Theorem 3.13. Let conditions (A1) through (A5) be satisfied and assume that:

(1) there exists yo > 0 such that (3.31) holds for all y > yo;

(i) either Immy (iy) = O(Remy (iy)) or Imm_(iy) = O(Rem_(iy)) as y —

+00.
Then the coupling A of Ay and A_ is definitizable in the Krein space (IC, [~,~];¢),
oo € ¢(A) and
00 € ¢r(A).

Proof. The definitizability of A and oo € ¢(A) follow from item (i) in Lemma 3.6.
Let us assume that Immy (iy) =O(Remy (iy)) as y — 400 and show that the pair
m4, m_ has the Dy-property. Indeed, in view of (i)

I m (iy)
= [Remx (iy)|

T m (iy)

m (iy) + m_(iy)
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and by assumption (ii) there exist C,yo > 0, such that

Im m., (iy)

m(iy) +m-(iy)
Next, if Imm_(iy) > 2Imm (iy), then

<C, y>uyo. (3.37)

) ) ) ) 1 )
[l (iy) — Tmmy (iy)| 2 [omm_(iy)| = [mm (iy)] > S[Tmm_iy)

and hence
L. (i
r.nm OL <2, y>uyo.
m(iy) +m—(iy)
Now, if Imm_ (iy) < 2Imm (iy), then
Imm_(iy) Imm (iy) <20, y>u
m (iy) + m—(iy) m(iy) + m_(iy) |

Thus the pair m, m_ has D..-property, and the statement of Theorem 3.13 follows
from Theorem 3.10. O

In the next theorem we formulate a one-sided condition which is sufficient for
0 ¢ cs(A).
Theorem 3.14. Let the conditions (A1) through (Ab) be satisfied and assume that
(1) there exist yo > 0 such that (3.29) holds;
(ii) either Imm (iy) = O(Rem4 (iy)) or Imm_(iy) = O(Rem_(iy)) asy | 0.
Then 0 ¢ cs(A) and ker A = ker A2

Proof. Let us assume that Imm (iy) = O(Rem(iy)) as y — 0. Then in view of
(i) and (ii) the inequality (3.37) holds for 0 < y < yo and, hence, Imm (iy) =
O (m4(iy) + m_(iy)) as y | 0.

The proof of the relation Imm_ (iy) = O(m (iy) + m—(iy)) as y | 0 is similar
to that in Theorem 3.13. Therefore, the pair my, m_ has Dg-property, and the
statement of Theorem 3.14 follows from Theorem 3.11. O

4. STURM-LIOUVILLE OPERATOR WITH INDEFINITE WEIGHT

4.1. Indefinite Sturm-Liouville operator as a coupling. Let I = (b_,by) be
a finite or infinite interval such that —oco < b_ < 0 < by < +o00 and let a be
the differential expression (1.1) subject to the assumptions (1.2). In this section
we study a nonnegative self-adjoint operator A associated with a in the Krein
space (L2(I),[-, ]w). In the definition of A given in (4.13) we use nonnegative
symmetric operators By generated by the differential expressions b in the Hilbert
spaces L2 . (I+) with the inner products

(F;9)ws = ’ f(@)g(@)w (x)dz.

Let B max be the maximal differential operator generated in L2 N (I1) by the dif-
ferential expression by (see (1.6)), with the domain

dom(By max) = {f € L2 (I+) : f, f) € ACioc (1), bo(f) € L2, (I1)},
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where flH(z) := r(x)" ' f'(z),z € I. Let Bi min(= (Bimax)™) be the minimal
differential operator generated by bs in L2 (I).

Let z € C\ R and denote by si(-,2) and c4(+,2z) the solutions on Iy of the
equation

satisfying the boundary conditions
ct(0,2) =1, c[i](O,z) =0 and s4(0,2) =0, s[i](O,z) =1.

If by is in the limit point case at by then neither si (-, z) nor c4 (-, z) belongs to
L2, (I+), however there exists a coefficient m- (z) such that the solution

Ya(t,z) =sx(t,z) Fma(2)ea(t,z), telg, (4.2)
of the equation (4.1) belongs to L3, (I+).
In the limit point case the operator By := B4 min is a symmetric operator in
L2, (I+) with defect numbers (1,1) and with the domain
dom(By) = {f € dom(Bi max) : f(0) = f1/(0) = 0}. (4.3)
In the limit circle case, by [16, Section 10.7], for every f € dom(Bi max) the

following one-sided limit exists

fU0s) = lim ra(e) ().
z—by FO0

Let m4(z) be a coefficient such that the solution 4 (x,z) in (4.2) satisfies the
condition
¢ (be,2) =0 forall zeC\R. (4.4)

Clearly, m(z) is calculated as m(z) = s (by, 2)/cM(by, 2). In the limit circle
case the operator By pi, is a symmetric operator in L2 N (I1) with defect numbers
(2,2) and we define its symmetric extension By with defect numbers (1,1) as the
restriction of b4+ to the domain

dom(Bz) = {f € dom(Bx max) : £(0) = f1(0) = fM(b+) = 0}. (4.5)

The adjoint operator BS ) is the restriction of by to the domain

dom(BY”) = {f € dom(Bi max) : fH(bs) = 0}.
In the following definition (see [58]) the notion of Neumann m-function is intro-
duced both for the limit point case and the limit circle case.

Definition 4.1. The function m4 (z) for which the solution ¢4 (z, z) in (4.2) sat-
isfies the condition

E] (b£,2)=0 if b4 is in the limit circle case at b4 (4.6)
Yi(,z) € L, (I+) if by is in the limit point case at b '
is called the Neumann m-function of b+ on Iy subject to (4.6).

The following proposition collects some facts from [27] about boundary triples

for the operator Bi*>.

Proposition 4.2. Assume that by satisfies (1.2), let By be defined as in (4.3) or
in (4.5), respectively, (depending on limit point or limit circle case) and let my be
the Neumann m-function of by on I, subject to (4.6). Then:
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(a) By is a symmetric nonnegative operator in the Hilbert space L2, (I+) with
defect numbers (1,1).
(b) The triple ((C,l"at,l"{t), where

Ui fe = f10), TFfe=F120), fedom(BY), (4.7)
is a real boundary triple for Bi*>.
(c) The Weyl function of By corresponding to the boundary triple ((C,l"(jf, I‘f)
coincides with the Neumann m-function my(z). That is

- wi(o,z)

4+ (\U, 2

m4(z)

If by is in the limit circle case at by, then, in addition to (4.8), the following
formula holds

st (b, 2)
mi(z)::l:mi, z € C\R. (4.9)
cy (b, 2)
(d) The Weyl function my of By belongs to the Stieltjes class S and satisfies
the condition lim,_, oo my (z) = 0. In particular,
Rem(iy) >0 forall y>0.

Proof. Since

lim  fM(z)f(z)=0 forall fe dom(B<i*>)
rz—by FO0

both in the limit point case [17, Corollary, p. 199] and in the limit circle case [31,
Lemma 2.1] the following formula holds

b (fo) frwede = + £ (0)F(0) + /l %| Fil2de,  fi e dom(BY). (4.10)

It

By (1.2) and Definition 2.3 this proves statements (a) and (b), see also [27, Propo-
sition 9.51, Theorem 9.69].
The statement (c¢) is implied by Definition 2.4 and the equalities

I‘gwi(-,z) = E](O,z) =1, Fliwi(-,z) =F¢Y4(0,2) =my(z) z€C\R
The formula (4.9) follows from (4.4) and the equality
0= z/JE] (by,z) = si](bi,z) F mi(z)c[i](bi,z) z e C\R.
The extension By ¢ of By defined by

Biof =BYf,  fedom(Byg) :i=kerT'E (4.11)
is the von Neumann extension of By. Hence By ¢ > 0, see also (4.10), and thus the
function my is holomorphic on R_. Moreover, as it follows from [416, Theorem 3.1],
see also [28, Proposition 3.6,

lim my(xz)=0

Tr—r—00

and hence my € S. This proves (d). O
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With the differential expression a we associate the following operator A in the
Krein (LZ(I),[",]w):

dom(A) = {f € dom(B< >) @ dom( ) for € AC (1)} (4.12)

and

Af =a(f), f € dom(A). (4.13)
Lemma 4.3. For every A € R the subspace ker(A—AI) is at most one-dimensional.

Proof. Let A € R. If by is limit circle at b, then by Weyl’s alternative the equation
bi(f) = £Af has two linearly independent solutions cu(z,+A) and si(x, £A) in
L? L (I+). Since the Wronskian of these solutions is not zero, it is not possible

that both of these solutions satisfy f[U(by) = 0. Therefore, ker(BS> F A is
one-dimensional.

If by is limit point at by, then by Weyl’s alternative the equation by (f) = £Af
has at most one solution in L2 . (I+). Consequently, ker(Bi* ) F Al) is at most
one-dimensional.

By the uniqueness theorem for linear initial value problems, the only solution of
the problem by (f) = £Af, f+(0) = f[il] (0) = 0 is the zero function. Therefore, the
subspace

NV  feeker(BY - D), f(0) = f-(0)
ker(A — \) = {f—er@f. i eker(BJ(*>+/\I), U0y = £1(0) }

is also at most one-dimensional. O

Theorem 4.4. Let the differential expression b satisfy (1.2) and let my be the
Neumann m-function of by subject to (4.6) on Ir. Then the operator A associated
with the expression a is the coupling of the operators Ay := By and A_ :== —B_
in the sense of Theorem 3.1. The operator A is a nonnegative self-adjoint operator
in the Krein space (L2,(I),[-,]w) with p(A) # 0 and oo € c(A). We have
(i) oo € ¢r(A) <  the pair my and m_ has Do -property.
(i) 0 & cs(A) and ker A = ker A2 & the pair my and m_ has Dq-property.
(iii) Immy (iy) = O(Remy (iy)) asy — +o00 = o0 € ¢, (A).
(iv) Imm_(iy) = O(Rem_(iy)) asy — +o0 = o0 € ¢, (A).
(v) Imm (iy) = O(Rem(iy)) asy L 0 = 0 ¢ cs(A) and ker A = ker A%.

) ( )

(vi) Imm_(iy) = O(Rem_(iy)) asy L 0 = 0 ¢ cs(A) and ker A = ker A?.

Proof. The boundary triples ((C,l"(jf, I‘f) from Proposition 4.2 are also boundary
triples for AT. The coupling of the operators A4 in Theorem 3.1 is characterized
by the conditions

T§(fe) =T (f) =0, T (f)+Ti(f)=0, fr€dom(BY)
which in view of (4.7) can be rewritten as
AY0) = 1M0), £1(0)=£(0),  fx € dom(BY). (4.14)

Therefore, the differential operator A associated with the expression a is the cou-
pling of the operators AL := + B4 relative to the boundary triples ((C, th, Fli) It
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follows from (4.10) and (4.14) that for f = f4 + f_ € dom A, fy € dom(B"), we
have

[Af, flo = (BE fo fi),, +(BE F )
= 1070 - f10)7-0) +

1
[ it = [ 1o
T
Hence the operator A is nonnegative.

The Weyl function M4 (z) of operator Ay corresponding to (C, th, I‘li) and the
Weyl function m (z) of operator By satisfy

Mi(z) = my(£2), z€ C\R.

Since m4,m_ € S, by Proposition 2.5 we have Re(m. (iy) + m_(—iy)) > 0 for all
y € Ry. Consequently, Theorem 3.1 (d) yields p(A) # 0. Therefore the operator A
is definitizable and co € ¢(A), see Lemma 3.6. As m4,m_ € S, the assumptions of
Theorems 3.10, 3.11, 3.13, and 3.14 are satisfied, and, thus, the remaining claims
follow. O

Remark 4.5. In the limit circle case Bennewitz, see [7], considered a more gen-
eral class of Neumann m-functions than introduced in Definition 4.1. We restate
Bennewitz’s definition here.

Denote the Wronskian of two functions f, g € dom B4 max by

Wi(f, ) == (g () — A (t)g(t), te L.
The one-sided limit

W, (f.9) = lim_(f(t)g™ ) — fM()g(t))

r—b4 FO
exists for all f, g € dom(By max). Furthermore, according to Titchmarsh [741] (see
also [27, Theorem 9.69], every symmetric boundary condition at by for arbitrary

f € dom(B4 max) can be written as

Wy, (f, (cos@)s+ (-, 20) + (sina)es (-, 20)) = 0

for some « € (—7/2,7/2] and some zy € C\R.
If my(z) is a coefficient for which the solution 4 (¢,2) in (4.2) satisfies the
condition

Wi, (¥4(-, 2), (cosa)ss (, z0) + (sina)cs (-, 20)) =0, 2z € C\R, (4.15)

for some a € (—m/2,7/2], then m4(z) is called the Neumann m-function of b1 on
I;. Clearly, m4(z) can be expressed as

(cos oz)Wbi(si(-, z), s+ (-, zo)) + (sin a)Wbi(si(-, 2), e+ (-, zo))

(cos a)Ws, (c+ (-, 2), s+, 20)) + (sina)We, (c+ (-, 2), e+ (-, 20))
Since all the symmetric boundary conditions at b4 are included in the boundary
condition (4.15), the boundary condition (4.4) is included as well. Therefore, the

class of Neumann m-functions introduced in this remark contains the Neumann
m-functions introduced in Definition 4.1.

my(z) = z € C\R.
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4.2. Asymptotic properties of m-functions. V.A. Marcenko [60], L.S. Kac,
M.G. Krein [14, 16] and Y. Kasahara [54] showed that the asymptotic behaviour
of the Weyl function m along the imaginary axes at +oc is closely related to the
behaviour of the coefficients of the differential expression at 0. In this section we
present some results in this direction from [6, 7] and their recent developments
in [58].

Define the following four functions

Wi (z) = /Omwi@)dg, Re(a) = /jri@ds, vl  (416)

The functions W and R, are positive and increasing on I, while W_ and R_ are
negative and increasing functions on I_. Define the function Fy : Ry (Ii) — R4
as follows )
Fi(x):=—————, x€Ry(Iy). (4.17)
oWy (Ril(:ﬂ)) ( )
Here
R_(I-)=(c-,0), Ry(I+)=(0,c4) with —oo<c_ <0<cy <+oo. (4.18)

The function F. is decreasing and unbounded, and F_ is an unbounded increasing
function. Denote by fi the inverse of F.. Notice that both f_ and f; are defined
in a neighbourhood of 400, the function f; is positive and decreasing, the function
f— is negative and increasing, and

lim f_ (z)=0 and lim fi(z)=0.

r— 400 r— 400

The following result was proved by F. Atkinson [3]; see also [7, Theorem 3.4] for
the improved version which we use here. The concept of the Neumann m-function
of by on I is used in the sense defined in Remark 4.5. For the concept of a slowly
varying function at 04 we refer to Definition A.1 in Appendix A.

Theorem 4.6. Let Wy and Ry be the functions defined in (4.16), let fi be the
inverse of the function defined in (4.17) and let my be the Neumann m-function of
br only. If Wio R;l 18 a slowly varying function at 04, then

my(iy) ~ £ife(y) as y— +oo.

Proof. Assume that Wy o R;l is a slowly varying function at 01. By Corollary A.8
this condition is equivalent to

/OmRi(g)dWi(g):o(Ri(:c)Wi(:v)) as o[ L0 with zele  (4.19)

The claim about the function m, was proved in [7, Theorem 3.4]. We use this
result to prove the claim about m_. Let us set W, (z) = w—(—z), 74 (z) = r_(—x),
x € I = (0,—b_). Then the Hilbert space Lfm (I+) consists of functions

yla) == y(—=x), yeli (1)
Let £A3+ be the minimal operator generated in L273+ (f+) by the differential expression

(b (F)(@) == —(b_(f)(-2), wel.

Then the Neumann m-function m, of EJF on IA+ is connected with m_ by

m4(z) = —m_(—2). (4.20)
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Next the functions
Wolo)i= [ @u©de Re(w)i= [ R, wel
0 0

are connected with W_ and R_ by the equalities

Wi(z) = -W_(-2), Ry(z)=-R_(-x), zel, (4.21)
and the inverse f; of Fiy : z € (0,¢) — 1/(x/V[7+ o ]%jrl) € R4 is connected with the
inverse f_ of F_ :x € (—¢,0) = 1/(zW_ o R_'(—xz)) € Ry by the equality

J?+(y) =-f-(y), yeR;. (4.22)

It is easy to see, that /VI7+ and 1§+ satisfy the condition (4.19). Therefore, by
Theorem 4.6 m4 (iy) ~ if1(y). Hence one obtains by (4.20), (4.21), (4.22)

m_(iy) = =iy (iy) ~ =i+ (y) = if+(y) = =if(y). O

The following lemma was proved by Bennewitz [6]. The condition that appears
in [6] is equivalent to the definition of a positively increasing function, see Defini-
tion A.15 in Appendix A.

Lemma 4.7. Let my be the Neumann m-function of by on I.. Then
Remy (iy) = O(Immy (iy)) as y — £oo (4.23)
if and only if the function Ry o W;l 18 positively increasing at 0.

Notice that the concept of the Neumann m-function of b1 on I in Lemma 4.7 is
used in the sense defined in Remark 4.5, while in the rest of the paper we use Defini-
tion 4.1. Kostenko in [58, Corollary 2.7] proved the following analog of Lemma 4.7.

Lemma 4.8. Let my be the Neumann m-function of by on Iy, subject to (4.6).
Then

Immy (iy) = O(Remy(iy)) as y — oo (4.24)
if and only if the function Wy o R;l is positively increasing at 04 .

Similar criteria for estimates (4.23) and (4.24) at 0 were proved by Kostenko
in [58, Theorem 2.11 and Corollary 2.15].

Lemma 4.9. Let wi,ry & LY(I+) and let my be the Neumann m-function of by
on Iy, subject to (4.6). Then

Remy (iy) = O(Immy (iy)) as y — 04
if and only if the function Ry o W;l is positively increasing at £00.

Lemma 4.10. Let wy,ry & L'(I+) and let my be the Neumann m-function of b
on Iy, subject to (4.6). Then

Immy (iy) = O(Remy(iy)) as y— 0+
if and only if the function Wy o R;l is positively increasing at £0o.

In the following lemma we consider the cases in which the conditions wy,ry ¢
L'(I1) are not satisfied.

Lemma 4.11. Let my be the Neumann m-function of by on I, subject to (4.6).
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(i) Let ax = £limg_p, 1/Wi(x). Then ax > 0 and the function my defined
by
my(z) = —% +my(z), zeCy,
belongs to S and

e wfe (i) — O,
ylfgymi(ly) 0

In particular, if wy € L*(I1), then ax >0 , ymy (iy) ~ iax at 04 and

Remy(iy) = oImmy (iy)) as y 0. (4.25)
(i) Ifry € LY*(I+) and wy & L'(1+), then
Immy (iy) = o(Rem4(iy)) as yl0. (4.26)

Proof. The claims (i) and (ii) appear in [58, Lemma 2.10]. For the proof of (i) see
also [28, Propositions 3.6, 4.6].

We present a proof of (ii) here since its proof in [58] has a gap. Assume that
ry € LY(I4), wy ¢ L' (I1) and consider the dual differential expression
~ 1 d 1 d
b = —=— 1. 4.27
+(f) ’I°+(t) dt (w+(t) dtf) on + ( )
Since wy & LY(I;) the differential expression b, is singular at by. By [58, Lemma
2.10] (see also [28, Theorem 5.2]) the Neumann m-function m of by on I, subject

to (4.6), is connected with m by the equality

my(z) = — z e Cy. (4.28)

Since ry € LY(I4), by (4.25) in (i) we have that m. satisfies the condition
Remy (iy) = oImmy(iy)) as ylO0.
Now (4.28) yields

Imm (iy) _ lim ¢ my (iy) 0
vl0 Rem, (iy)  wlo Immy (iy)
The proof of (ii) for m_ is similar. O

Remark 4.12. As was shown in [28, Theorem 5.2] the formula (4.28) holds if the
differential expression b is singular at by. If by is regular at by then (4.28) is not
true anymore. Notice, that this fact was overlooked in [58].

4.3. Regularity of the critical point co. Statements (iii), (iv) of Theorem 4.4
can be restated as follows.

Theorem 4.13. Let the differential expression by satisfy (1.2) and let the functions
Ry and Wy be defined by (4.16). If either W, o R;l is positively increasing at 04
or W_ o R™" is positively increasing at 0_, then oo € ¢,.(A).

Proof. Let my be the Neumann m-function of by on Iy, subject to (4.6). By
Proposition 4.2 (d) m4 and m_ belong to the Stieltjes class S. Thus m4 and
m_ satisfy the assumption (3.31) of Theorem 3.10. Assume that W, o R}' is
positively increasing at 0;. Then by Lemma 4.8 condition (4.24) holds. Hence
by Theorem 4.4 (iii) we have oo € ¢,(A). Similar argument proves the theorem if
W_ o RZ! is positively increasing at 0_. O
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Example 4.14. Let I = (—1,1). Consider differential operators By generated by
by in L?(I4), where 7_, w_ are arbitrary subject to conditions (1.2) and ry = 1,
and wy satisfies the condition:

wi(z) =%y (x), ze€ly, a>-1, (4.29)

where v, () is slowly varying at 0. Then by Karamata’s characterization theorem,
Theorem A.6, we have

xa—i—l

v
a+1

Wi (z) = / vy (t)dt ~ +(x) as xzl0,

0
and hence W, () is regularly varying at 04 of order a+ 1 > 0 by Proposition A.2.
Theorem 4.13 yields that oo € ¢,.(A).

In the case when both w, and w_ satisfy the condition (4.29) with vy € C1(I1)
and o > —1/2 (so called Beals conditions) this result was obtained by R. Beals in [5],
and by B. Curgus and H. Langer in [16] for & > —1. That one-sided condition for
the weight w on I is enough for co € ¢,(A) was noticed by A. Fleige in [33].

Lemma 4.15. Let a € Ry and let o, B, f, g : [a,+00) — C\{0} be functions such
that o and B are bounded,

@ = an im M —
S gy =L end Jlm oy =L (4.30)
Then
L 1
a(z) — f(z) =0(1) asx — +oo & 3 = 9@ =0(1) as x — +o0. (4.31)

Proof. We will prove the equivalence of the negations of the statements in (4.31).
The negation of the statement on the left-hand side of (4.31) is: There exists an
increasing sequence (z,) in [a,400) such that

lim x, =400 and lim (a(z,) — f(z,)) =0.

n—-+oo n—-+oo

Since for all n € N we have

B(n) — glan) = alan) (ﬁ@cn) 9(za)

- ofzy) — flz 9(@n)
a(en) f(xn)>+((”) J@n) )

and since « is bounded, (4.30) and the stated negation imply that the negation of
the right-hand side of (4.31) holds. The proof of the converse is similar. 0

Lemma 4.16. Let a € Ry and let f and g be positive functions defined on [a, +00).
Then

(& —1>_1 =0(1) as ¢ = 40

9(x) (4.32)

& <%—1)1_O(1) as r — +00.

Proof. The equivalence of the negations of the propositions in (4.32) is clear. O

Application of Theorem 4.4 (i) and Theorem 4.6 leads to the following charac-
terization of regularity of critical point co under the assumptions of Theorem 4.6.
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Theorem 4.17. Let the differential expression a satisfy (1.2). Let Wi and Ry
be the functions defined in (4.16) and assume that Wy o R;l is slowly varying

function at 0x. Then the operator A associated with a is nonnegative in the Krein
space (L2,(I),[-, ]w), p(A) # 0, oo is a critical point of A, and

w_ (R:l(—x))
o0 € CT(A) =4 (1 + W

Proof. Assume that Wy o Ry' is slowly varying function at 01. An immediate
consequence of the definition in (4.17) is the equivalence

W (R (-2)\ Fi(2) V'
[+ Temay) owmeto o (1-£E) —ow s

Recall that Fy is unbounded decreasing, and F_ is an unbounded increasing func-
tion. Since Wi o R;l is slowly varying at Oy, the function Fy is regularly varying
at 04 with index —1, see the definition in (4.17). As the function fi is the inverse
of F.y, Corollary A.13 yields the following equivalence

<1 - Fﬁ(_xi) )_1= O)asz 0 < <1 + ;fgi >_1= O(1) as y — +oo.

Let m+ be the Neumann m-function of by on I. By Theorem 4.6 we have

>_ =0(1) as zl0.

Fim(iy) ~ fr(y) as y— +oo.
The preceding asymptotic relation and Lemma 4.15 imply

Im m.y (iy)
m (iy) + m_(—iy)

=0(1) asy — +o0

)\ s ~
& (1+f+(y)> =0(1) as y — +o0.

To see how Lemma 4.15 applies here we write

i Imm 4 (iy) B 1
j _(—iy)  zimi(y) _ im_(=iy)’
m(iy) +m-(=iy) - e - e
set
—imy (iy) im_(—iy) f-()
«@ y = T N\ f = T /N /8 y = ]‘, g = - 3
) Im m. (iy) W) Im m.y (iy) ) ) f+ ()
and observe that the above asymptotic relation from Theorem 4.6 implies
lim a(y)=1 and lim ) =1
y—+oo y=+oo g(y)

Since by Lemma 4.16 we have

RO O\ o
<1+f+(y)> =0(l)asy —» +x0 & (1+f_(y)) =0(1) as y — 400,

we have proved that

W_ (R:l(—:zr)) 71_
(1+m> —0(1) asx¢0
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o Gy) o
T 7 R e B

Similarly, we can prove that

(1+w> =0(1)aszl0

Wi (B3 ()
= fm m_(iy) =0(1) asy = +o0
m(iy) +m_(—iy) '
Therefore,
-1
W_(RZ'(—
1—|—(;_1($)) =0(1)asz |0
W, (R (x))
& the pair my and m_ has D,-property.
Now the theorem follows from Theorem 4.4. O

Remark 4.18. The criteria in Theorem 4.17 nicely complements the result of
Kostenko in [58, Corollary 4.8(i)]. To see this, we notice that [58, Corollary 4.8(i)]
can be restated as follows: If W_ o RZ! is slowly varying function at 0_, W, o R;l
is slowly varying function at 04 and co € ¢,.(A4), then w is not odd or r is not even.
The “only if” part of Theorem 4.17 gives more than the fact that w is not odd
or r is not even, that is, there exists a small enough x such that W, (R;l(x)) #
—-W_ (R:l(—x)). The “only if” part of Theorem 4.17 gives

_ -1
<1 + %) —0(1) as 0. (4.33)

In this setting the negation of (4.33), that is the condition
Wy (R{'(z)) ¥ =W_(RZ'(-=z)) at 04,

appears to be a natural generalization of the condition that the functions |w| and
r are even. Here we use the symbol &~ which is defined in Definition A.9. In
the case when r = 1, this condition also generalizes the condition of w being odd-
dominated which was used in Fleige’s criterion for co € ¢,(A), see [15, Definition 3.8
and Theorem 3.11].

For slowly varying functions the following corollary extends the result of [
Corollary 3.15].

)

Corollary 4.19. Let 0 < by < 400, I1 = [0,b4) and r4,wy € Li _(I+) be positive
functions. Let o, B € Ry, set b = —by /B and define

r(z) = () if x€(0,by) w(z) = w4 () if xel0,b))
ary(=pz) if x € (b-,0), —aws(=Bx) if x € (b-,0).

Let Wy and Ry be the functions defined in (4.16) and assume that W, o Rfrl 18
slowly varying function at 0. Then the operator A associated with a is nonnegative
in the Krein space (L%,(I),[-,"]w), p(A) # 0, oo is a critical point of A, and
o0 € ¢,.(A) if and only if o # B.
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Proof. To apply Theorem 4.17 we first calculate for x € (c_,0) (cf. (4.18))
W (B (a)) = ~(a/B)W+ (BT (~(8/a)a)).
Hence W_ o R=! is a slowly varying function at 0_. Further
W_(RZ'(-x)) _ aWy(R'((B/a)x))

Wi (R ' (z) B Wi(Ri'(x))
and since Wy o Rjrl is a slowly varying function at 04 we have
. W_(RZ'(-m)) a
lm —————" = ——.
210 W, (R (2)) B
Therefore
W_(R™'(-2))\ '
1+ ————>| =0(1) as 2.0
Wy (R ()
holds if and only if o # 8. Now the claim follows from Theorem 4.17. O
We illustrate Corollary 4.19 with an example which has appeared in [15, Exam-

ple 3.17]. The novelty here is that we can give a characterization of the regularity
of the critical point oo for all positive coefficients « and .

Example 4.20. Let wy,ry : (0,1) = Ry be given by
1

er('r) = JJ(IH(E)2, T+($) = 17 S (07 1)
Then 1

W+(.’I]) = W_;,_ (Rll(fﬂ)) = —m, x e [0, 1)
Hence, W o Rjrl is a slowly varying function at 04.. Therefore the operator A from
Corollary 4.19 is nonnegative in the Krein space (L2,(—1,1),[-, ]w), p(4) # 0, co
is its critical point and oo € ¢,.(A) if and only if « # .

Example 4.21. Let ax > 0and I = (—1,1). Let r =1 on I and

w_(z) = o ln(—;))HaJ z € (-1,0), w(zx)= m, xz € (0,1).
Then
R_(x)==z, z€[-1,0], Ry(x)==z, z€][0,1], (4.34)
W_(z) = 1 e (=1,0], Wi(z)= !

—_—— —a, z€][0,1). (435
(—In(—=z))"" (—lnz)™" 0.1). (435)
Thus W_ o R~' = W_ is slowly varying at 0_, W, o R;l = W, is slowly varying
at O+ and

<1 + %)1 = (1 - (- 1n(x))a+7a7)_l =0(1) as )0

holds if and only if a4 # a_.

By Theorem 4.17 the operator A associated with the differential expression a
with the above defined w and r is nonnegative in the Krein space (L2 (1), -, ]w).
p(A) # 0, oo is its critical point and co € ¢, (A) if and only if ay # «—. That is, 0o
is a singular critical point of A if and only if .y = a—. Notice that the implication

ay=a- = o0 €Ec(4)
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follows from a result of Parfenov [61, Theorem 6], as with a4 = a_ the weight
function w(x),x € I, is odd on I.

The converse of the last displayed implication does not follow from neither
of the following sufficient conditions for regularity: Volkmer’s condition, see [76,
Corollary 2.7] or [15, Theorem 3.14], Fleige’s condition for odd-dominated weights,
see [15], Parfenov’s condition [62, Corollary 8] for non-odd weights.

4.4. Discreteness. For a closed operator T its discrete spectrum consists of its
isolated eigenvalues of finite algebraic multiplicity. The complement of the dis-
crete spectrum is called the essential spectrum of T'; it is denoted by ouss(T'). The
following theorem is based on a result from [13].

Theorem 4.22. Let 0 < by < 400, let wy and r4 be almost everywhere positive
functions on (0,by) such that wy € L'(0,by) and r4 ¢ L'(0,b4) and let By and
By o be defined as in (4.5) and (4.11). Then the following two equivalences hold:

by

Tu(Brg) =0 & lim Ry) [ (=0, (4.36)
by

0 u(Bra) & sw Ri(o) [ wil@dg <o (137)
z€(0,by) T

and in the latter case 0 € p(B).

Proof. Let us introduce the change of variable function by £ = Ry (z), z € (0,b4)

and consider the weight function w and the differential expression b by

w(R©Q) p_ 1d ceR,.

we) = r(R6) T da?

Let B and By be operators associated with b via (4.5) and (4.11). A straightforward
verification yields that the operator U defined for an f : (0,by) — C by
UHE) = F(RyTHE), €€eRy,

is a unitary operator from L?E+ (0,b) to LZ(R4) and By = UB4 oU~!. That is the

operators B4 o and EO are unitarily equivalent.
We will use a result from [13]. It was shown in [13] that under the assumption
w € L'(Ry) the following equivalences hold:

~ +oo
goss(Bo) =0 &  lim ¢ / @(r)dr =0, (4.38)
£—+o0 ¢
~ +oo
0 ¢ 0ess(Bo) < sup w(T)dr < +o00. (4.39)
geRy  Jg

Moreover, in the latter case 0 is a regular point for the Dirichlet extension of B and
hence 0 € p(B). The equivalences in the lemma follow from (4.38) and (4.39) since
by the change of variable 7 = R4 (t), t € (0,by), we have { = R, (z) and

+oo by
5/5 @(T)dT = RJ,_(.’II)/ w4 (t)dt, 5 S R+.
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Let by be the dual differential expression (4.27). The spectrum of the Neumann
realization B ¢ (resp. §+)0) of by (resp. by) coincides with the support of the
measure do4 (resp. doy) in the integral representation (2.10) of my (resp. my).
Since the functions my and m4 are related by (4.28) the essential spectra of the op-
erators By o and §+10 coincide, see also [16, (12.5)] for the case r; = 1. Therefore,

by switching the coefficients w; and r, we obtain the following statement.

Corollary 4.23. Let 0 < by < 400 and let wy and ry be almost everywhere
positive functions on (0,by) such that wy ¢ L*(0,by) and r. € L*(0,by). The
following two equivalences hold:

by

os(Bio) =0 & lim W, () / r (€)dE =0, (4.40)
T + x
by

0 ¢ 0ess(B+o) < sup W+(:E)/ r4+(§)dé < +o00. (4.41)

z€(0,by) T
Remark 4.24. In the case r; = 1 conditions (4.36), (4.37) were proved in [43].
Conditions similar to (4.36) can be found also in [21] for Sturm-Liouville operators
and in [69], [67] for canonical systems. Clearly, the equivalences (4.36), (4.37),

(4.40) and (4.41) remain in force for B_ o with by, w4, r4 replaced by b_, w_, r_,
respectively. In particular,

b_
Oess(B_po)=0 <& lim R,(x)/ w_(&)d¢ =0,

z—b_
b
0¢0ess(B_yp) < sup R_ (:v)/ w_(&)d§ < +oo. (4.42)
z€(0,b-) T

The next proposition shows that the spectrum of the operator B4 o defined
in (4.11) can be discrete even in the limit point case.

Proposition 4.25. Assume wy € L'(I1). Then
[ IRe@lus(ode = [ Wer) - Wa©lratde, @y

meaning that either the two integrals diverge simultaneously, or, if one converges,
then the other one converges as well and the integrals are equal. Further, if Ry €
Ly, (I+), then the spectrum of By o is discrete and 0 € p(Bx).

Proof. Assume that wy € L'(I+). That is assume that W4 (b1) is a real number.
Further assume that the integral

x

by
/I|Ri<5>\wi<5>ds: / Re(©)dWs(6) = lim [ Re()dWi() (4.44)

x—by 0
converges. Applying integration by parts (see, e.g., [77, Theorem 2.21]) for all
x € I+ we obtain,
| We@) - wal@)arete) = [ Re©dwa (o). (1.43)
0 0

Since the limit as © — by of the integral on the right-hand side of (4.45) exists, the
Lebesgue Monotone Convergence Theorem implies that the limit of the integral on
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the left-hand side of (4.45) exists and

x

by
lim [ (Wi(z) = Wa(6))dR£(E) = /0 (We(be) = We(€))dRe(E).  (4.46)

x—by 0

Clearly,

bt
/1 [We(bs) — We(&)|r+(€)de = /O (Wi (bs) — Wi (£))dR+(€)

and the equality in (4.43) follows from (4.44), (4.45) and (4.46).
Assume now that the integral on the right-hand side of (4.43) converges. Then
(4.46) holds. Applying again integration by parts for all x € IL we obtain

/ (W (bs) — W (€)dRa ()
0 (4.47)

— R (a) (W (ba) — Wa () + / "R ()W (©).

Notice that all three terms in (4.47) are positive and that the integrals in (4.47) are
increasing functions of x € Iy. Therefore (4.46) implies that (4.44) holds. That is
the first integral in (4.43) converges. Now the equality of the integrals follows from
the first part of this proof.

Furthermore, taking the limit as @ — by in (4.47) yields

xlilgli Ri (;v) (Wi(bi) — Wi(l‘)) =0. (4.48)
This limit is the right-hand side of the equivalence (4.37) in Theorem 4.22. Hence
the spectrum of By o is discrete. O

The next theorem combines the results of Theorem 4.22, Corollary 4.23 and
Theorem 4.17 to provide a necessary and sufficient condition for the existence of a
Riesz basis consisting of eigenfunctions of the differential operator A.

Theorem 4.26. Let the differential expression a satisfy (1.2) and let Wy and Ry
be the functions defined in (4.16). Assume

(a) The functions wy and ry satisfy one of the following three conditions:
(1) w4 S Ll(I+) and [ (S Ll(IJ,_)
(i) wy € LYI4), ro & L'(I4) and limgpy, Ry (2)(Wo (by) = Wo(2)) = 0.
(iii) wy & LY(I4), r4 € L*(I4) and limgpy, Wy (2)(R4(by) — Ry (x)) = 0.
(b) The functions w— and r— satisfy one of the following three conditions
(i) w_ € LY(I_) and r—_ € L*(I_).
(i) w— € L'(I-), r— ¢ L'(I-) and limgy,_ R—(x)(W_-(b—)—W_(z)) = 0.
(iii) w— & LY(I-), r— € L'(I_) and limgp,_ W_(z)(R-(b-) — R_(z)) = 0.
Then the spectrum of the operator A associated with the differential expression a
in the Hilbert space L|2w|(I) is real and discrete, its eigenvalues accumulate on both
sides of 0o, all nonzero eigenvalues are simple and Jordan chain at O is of length
at most 2. The following statements hold.
(A) If either W4 o Rjrl is positively increasing at 0L or W_ o R~ s positively
increasing at 0_, then we have:
(I) There exists a Riesz basis of the Hilbert space L‘Qw‘(f) which consists
of generalized eigenfunctions of A.
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(B) If Wyo R_T_l is slowly varying at 04 and W_ o RZ' is slowly varying at 0_,
then (I) is equivalent to
W. (R:l(—:zr))

I (1 W (5 @)

Proof. In either of the three cases in (a), the spectrum of the operator B g is
discrete and the eigenvalues accumulate at +o0c. This follows from the fact that in
case (i) in (a) the operator By g is either regular or in the limit-circle case at b4. In
the remaining two cases in (a) this follows from Theorem 4.22. Similarly, in either
of the three cases in (b), the spectrum of the operator B_ g is discrete and the
eigenvalues accumulate at co. Since A is a rank-one perturbation of the operator
By o®(—B_ ), by Weyl’s theorem the spectrum of the operator A is also discrete
(see [66, Theorem XIII.14]). By Lemma 3.6 the eigenvalues of A accumulate on
both sides of co. Since the operator A is nonnegative in the Krein space K all
nonzero eigenvalues of A are semi-simple and the length of the Jordan chain at 0
is at most 2. Moreover, by Lemma 4.3 all nonzero eigenvalues of A are simple.

Let A be an arbitrary finite open interval such that 0 € A and let E be the
spectral function of A in the sense of [59]. By the properties of this spectral func-
tion [59], co € ¢,(A) if and only if there exists a Riesz basis of (I — E(A))K which
consists of eigenfunctions of the restriction of A on (I — E(A))K. Since E(A)K is
a finite-dimensional space, the eigenfunctions and the generalized eigenfunctions of
the restriction of A on F(A)K form a Riesz basis of E(A)K. Therefore (I) is equiv-
alent to oo € ¢,(A). By Theorem 4.13, if either W o R;l is positively increasing
at 04 or W_ o RZ! is positively increasing at 0_, then oo € ¢, (A) and hence the
claim in (A) holds.

IfWyo Rfrl is slowly varying at 04 and W_ o R~ is slowly varying at 0_, then
by Theorem 4.17 condition (II) is equivalent to co € ¢,(A). Since we already proved
that oo € ¢,(A) is equivalent to (I), the equivalence in (B) is proved. O

) =0(1) as z]0.

Remark 4.27. For the differential expression a introduced in Example 4.21 we
have
1—2

Chayer ~ (-0 as a1

Wi (2)(R+(1) = Ri(x)) =

1
i@_ ~(1+2)7 as x] -1
(— ln(—x))
Therefore a satisfies conditions (a)(iii) and (b)(iii) in Theorem 4.26 if and only if
a_ € (0,1)and ay € (0,1). By (B) in Theorem 4.26 the operator A in Example 4.21
with a—, ay € (0,1) has the Riesz basis property if and only if a— # .

W_(z)(R-(=1) = R_(x)) =

4.5. Regularity at 0. Since the operator A associated with the differential ex-
pression a is nonnegative it may have another critical point at 0. In this subsection
we consider the problem of regularity of the critical point 0 of the operator A. Let
Wy and Ry be defined by (4.16).

Theorem 4.28. Let W1 and Ry be defined by (4.16), and let A be the differential
operator associated with the expression a with the domain defined by (4.13). Assume
that one of the following cases is in force:
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() w_, r_ & LYI_), wy, ry ¢ L'(I) and either W_ o R™' is positively
increasing at —oo or W, o Rfrl is positively increasing at +00;
(i) w_ ¢ LY(I_) and wy & L*(Iy) and either ro € LY (I,), orr_ € LY (I_);
(iii) either wy € L*(Iy), w— & LY*(I-) orw_ € LY(I_), wy ¢ L'(14).
(iv) w— € L*(I-) and wy € LY (1), and Wy (by) + W_(b_) # 0.
Then
0¢&cs(A) and ker A =ker A% (4.49)
Moreover, the following statements hold.
(a) Ifw_ € LY(I-) andwy € L*(I), then (4.49) holds if and only if W (by)+
W_(b_) # 0.
(b) Ifw_ € LY (1), wy € LY(I1) and (4.37), (4.42) hold, then 0 & ouss(A) and
the following three statements are equivalent

Wi ) +W_(b_)#0 < kerA=kerd?> <& 0¢c(A). (4.50)

Proof. 1. Proof of (4.49) under assumption (i). Due to Lemma 4.10 the assumption
that W, o R:Ll is positively increasing at 4+oco is equivalent to the condition

Immy (iy) = O(Rem4(iy)) as yl 0.
By Theorem 4.4 (v) this implies 0 & ¢s(A4) and ker A = ker A2.

2. Proof of (4.49) under assumption (ii). If r, € L}(Ry) and wy & L'(R_), then
by Lemma 4.11 (4.26) holds and, hence, by Theorem 4.4 (v) we have 0 & ¢s(A) and
ker A = ker A2

3. Proof of (4.49) under assumption (iii). If wy € L'(I;) and w_ ¢ L'(I_), then
by Lemma 4.11
. .a ~ . .
my (iy) = Zf +iy(iy), m-(iy)=o(l/y) as ylO

for ay = m > 0, m4(iy) = o(1/y). Then

. . a
m(iy) + m—_(—iy) ~ —i as y10.
and u
Immy (iy) ~ —, Imm_(iy) =0 as y 0.
Y

Hence
Immy (iy) = O(m4 (ty) + m—(—iy)) as ylO
and by Theorem 4.4 (ii) 0 &€ c5(A) and ker A = ker A?.
4. Proof of (4.49) under assumption (iv). If wy € LY(I;) and w_ € L*(I_) then
by Lemma 4.11
. a4 . .a_—
m(iy) ~ v m—(iy) ~ iy Y 10

for ay = +£1/Wy(by). Since Wi (by) + W_(b_) # 0 then ay #a_,
m (iy) + m_(~iy) ~ % as y 10

and u
Immi(iy)wf as y 0. (4.51)
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Hence
Immy (iy) = O(my(iy) + m—(—iy)) as ylO0. (4.52)
By Theorem 4.4 (ii) (4.52) is equivalent to 0 & cs(A) and ker A = ker A2.

5. Proof of (a). Assume now that Wy (by) + W_(b_) = 0. Then by Lemma 4.11
a4+ = a— and hence

me(iy) +m_(=iy) = o(1/y) as y 0.

In view of (4.51) the relation (4.52) is not fulfilled and by Theorem 4.4 the rela-
tions (4.49) fail to hold, i.e either 0 € cs(A) or ker A C ker A2.

6. Proof of (b). If wy € L'(I+) and (4.37), (4.42) hold, then by Theorem 4.22
0 & Oess(Bx,0). Since A is a rank-one perturbation of the operator By o ® (—B—_ )
we have 0 & gpss(A).

Since w € L'([), all constant functions on I belong to dom A defined in (4.12).
Consequently, all constant functions on I belong to ker A. As by Lemma 4.3 ker A is
at most one-dimenional, we deduce that ker A consists of all the constant functions
on I. Denote by 1 the constant function on I equal to 1. Notice that

(1,1 = W (by) + W_(b). (4.53)

If W, (by)+ W_(b-) # 0 then the subspace ker A is nondegenerate. Moreover,
we have ker A = ker A2, since the existence of an associated vector f € dom A such
that Af =1 implies [1,1],, = [Af, 1], = [f, A1],, = 0. This proves the implication

Wiby)+W_(b_)#0 = kerA =ker A>.

Now assume ker A = ker A2. Then 0 is a simple eigenvalue of A and since
0 ¢ dess(A) it is an isolated eigenvalue. By [59] ker A is nondegenerate and thus
0 ¢ c(A).

And finally, if 0 ¢ c(A), then by [59] ker A2 = ker A and ker A is definite.
Hence [1,1],, # 0 and by (4.53) we have W, (by) + W_(b_) # 0. This proves the
implication 0 & ¢(A) = W4 (by) + W_(b_) # 0 and hence the equivalence (4.50).

O

In Theorem 4.28 it is not claimed that 0 € ¢,.(A), since it may happen that 0 is
not a critical point of A at all. In the next corollary we specify some cases when 0
is indeed a regular critical point of A.

Corollary 4.29. Assume that wy and r4 satisfy one of the following assumptions:
(a) wy € L'(Iy), ry ¢ L'(I}) and sup,c;, Ry(x)(Wy(by) — Wy (x)) = +oo,
(b) wy & L'(14), r+ € LY(I4) and sup,ep, Wa(2) (R4 (b1) — Ry (2)) = +oo.
Assume that w_ and r_ satisfy one of the following assumptions:
(c) w_ € L*(I-), r— ¢ L*(I-) and sup,¢; R_(z)(W_(b-) — W_(z)) = +o0,
(d) w- € L*(I-), r— € L*(I-) and sup,c; W_(z)(R-(b-) — R_(z)) = +o0.
In cases (a) and (c) assume Wi (by) + W_(b_) # 0. Then 0 € ¢.(A) and the
spectrum of the operator A accumulates on both sides of 0.

Proof. In either of the cases (a) and (b) ((c) and (d), respecitively), 0 is an ac-
cumulation point for the spectrum of the operator By o (B_ o, respectively) from
the right. Therefore, 0 is an accumulation point for the spectrum of the decoupled
operator Ag = Ay o @ (A_ o) from both sides. Since the resolvent (A — 2)~1 of A
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is a one-dimensional perturbation of the resolvent (Ag — 2)71, see (3.7), it follows
from [42, Theorem 1] that 0 € ¢(A).
The statement 0 € ¢, (A4) follows from Theorem 4.28. O

Remark 4.30. The list of assumptions of Theorem 4.28 covers all possible cases
except the following:
(v) w_, r_ ¢ L"(I_), wy, ro ¢ L'(Iy) and both W_ o R™! is not positively
increasing at —oo and W, o Rjrl is not positively increasing at +oo.
In this case we cannot apply our abstract results from Theorem 3.10 because the
asymptotic behaviour of the Weyl functions at finite points is insufficiently studied.

Remark 4.31. If wy € L'(I}), w- € L'(I-), Ry € Ly, (Iy) and R_ € L}, (I)
then by Proposition 4.25 the spectrum of A is discrete and in the case W, (b4) +
W_(b_) = 0 the root subspace ker A% can be found explicitly. As was mentioned
above ker A = span{1}. Let us find a generalized eigenvector f € dom(A) such that

Af=1,ie. f=fy @ f_, where fy € dom(Bj<:>) are solutions of the equations

b+f+ =1, _b—f— =1, (454)
such that
£+0) = £-0), 20 = 0. (4.55)
holds. Straightforward calculations show that the functions
x by
filo) =+ [ Re(@ua@ds = [ Relwhus (g (456)
0 x

satisfy (4.54) and the first boundary condition in (4.55). The second boundary
condition in (4.55) holds since W, (b1) + W_(b_) = 0.
It follows from (4.48) that the second term in (4.56)

by
/ R (2)w (€)dE = R () (Wi (bs) — W (x))

is bounded. The first term in the right hand part of (4.56) is also bounded since
Ri € Ly, (I+) and hence f+ € L2, (I+).

Therefore, f4 € dom(Bx max) and hence fy € dom(Bj@) in the limit point case.
In the limit circle case we also get fi € dom(Bi*>), since fj[tll (b+) = 0. Therefore,
f=f+® f- € domA and the equation Af =1 has a solution f € dom(A). Thus
ker A # ker A2,

Remark 4.32. Let by, «, 8, b— and the function w be defined as in Corollary 4.19
and arbitrary r € L (I). Assume that wy € L'(I}4). Then w_ € L'(I_). Let

W be the function defined in (4.16). Then, for all x € [b_,0] we have W_(z) =
—(a/ B)YW4(—pBz). Consequently,

Wi (be) + W (b2) = (1 — /) Wi (b).

By Theorem 4.28 (a) we have that (4.49) holds if and only if @ # 3. In particular,
if @ = =1 the weight function w(t) is odd and condition (4.49) does not hold.
This has been proved in [58, Theorem 4.7] under additional conditions that r is
even and r ¢ L(I).
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Example 4.33. We consider the differential expression studied in Example 4.21
on an interval T = (b_,b;) with —1 <b_ <0< by <1.

First assume that b_ = —1 and b4 = 1, as in Example 4.21. Then Ry and Wy
are given by the formulas (4.34) and (4.35). Due to Theorem 4.28 (ii) 0 & c4(A)
and ker A = ker A2,

Moreover, ker(A) = {0} since a function f € ker(A4) should have a form f =

f+ @& f- € domA, where f; € dom(B_@), f- € dom(B<_*>) and the coupling
conditions (4.55) hold. The conditions f € dom(BSﬁ), f- € dom(B<_*>) yield that

f+ and f_ are proportional to 1 — z and 1+ z, respectively. But then the coupling
conditions (4.55) yield f1 = f_ =0.

Further,
1— 2 0 if 0<oay <1,
lim(Ry+(1) — Ry(x))Wi(x) =lim —— = 1 if ap=1,
i (4 (1) = R ()W (@) = s foo if ag> 1
and
14 0 if O0<a-<1,
lim (R_(-1) = R_(z))W_(z) = lim —————— = 1 if a_ =1,
w1 wl=1 (= In(-2)) Yoo if a_ > 1.

Hence Corollary 4.23 yields
0 € Ooss(B_,0) NOess(B+o) < ar>1 and a_ >1.

Since 0 is not an eigenvalue of A, it follows from the preceding equivalence that
0 € ¢(A) if and only if oy > 1 and a— > 1. Theorem 4.28 (ii) yields that 0 € ¢,(A),
whenever ay > 1 and a— > 1. Conversely, if ay € (0,1] or a— € (0,1], then
0 ¢ c¢(A). Consequently, 0 € ¢,(A) if and only if ay > 1 and a— > 1.

Next assume that by = 1 and b_ € (—1,0). Due to Theorem 4.28 (iii) 0 ¢
¢s(A). In this case ker(A) = {0}, since a function f € ker(A) should have a form
f=f+® f- € domA, where f; € dom(Bg_*>), f- € dom(B<_*>) and satisfy the
conditions

f+(0) = £-(0),  fi(0) = f2(0), fL(b-)=0. (4.57)

The conditions fy € dom(Bg_*>) and f’ (b_) = 0 yield that f is proportional to
1 —x and f_ is constant. Then (4.57) implies f; = 0 and hence, also f_ = 0.

Since the spectrum of B_ o is discrete 0 is not an accumulation point of the
negative spectrum of A and consequently 0 ¢ ¢(A). The same conclusion holds if
b_ =—1and by € (0,1).

Finally we assume that b_ € (—1,0) and b4 € (0,1). In this case the differential
expression a is regular, so the spectrum of A is discrete. Therefore the root space
at 0 is nondegenerate. Consequently, 0 ¢ c;(A). Since

1 1

W_(b-) + Wy (by) = (=Inby)o+ - (=Info_[)o-"

statement (b) from Theorem 4.28 takes the form:

g In|In [b_|| B 9
o 7 Tnmb,| < kerA=kerA® < 0¢c(A).
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It is interesting to write the preceding equivalences in the following form:

o M & kerACkerd? & 0€c.(A).
a_  In|lnby| -
4.6. Similarity. The coupling operator A in the Krein space K is nonnegative and
p(A) # 0. Hence, it has at most two critical points 0 and co. Thus, A is similar
to a self-adjoint operator in a Hilbert space if and only if its critical points are
regular and ker A = ker A2, see Theorem 2.2. Combining Theorems 4.4, 4.28, 4.13,
and 4.17 we obtain the following list of sufficient conditions for similarity of A to
a self-adjoint operator in a Hilbert space, which equals the Property (Si) from the
introduction.

Theorem 4.34. Let A be the differential operator associated with the expression a
with the domain defined by (4.13) and let Wy and Ry be defined by (4.16). Let at
least one of the conditions (i)-(iv) in Theorem 4.28 be in force. Then the following
statements hold.

(a) If either W4 o Rjrl is positively increasing at 04 or W_ o R™" is positively
increasing at 0_, then the operator A is similar to a self-adjoint operator
in a Hilbert space.

(b) Let W4 o Rfrl be slowly varying at 04 and let W_ o R~ be slowly varying
at 0_. Then the operator A is similar to a self-adjoint operator in a Hilbert
space if and only if

W,(R:l(—:zr)) - B

Example 4.35. Let us consider Example 4.21 on an interval I = (b_,b;) with
—1 <b_ <0< by <1. Combining the conclusions made in Example 4.21 and
Example 4.33 we obtain the following equivalence:

The operator A is similar to a self-adjoint operator in a Hilbert space if and only if

(1) either max{by,|b_|} =1 and =+ # I;
(2) or max{by,|b_|} <1 and 2= ¢ {1 M}

’ In|Inby]|
APPENDIX A. SOME RESULTS FROM KARAMATA’S THEORY

In Appendix we present the definitions and the results from Karamata’s theory
of regularly varying functions that we use in the paper. Standard references for
Karamata’s theory are [10] and [71]. For completeness we include a few standard
results from Karamata’s theory and some of these results are reformulated to fit
our needs. In addition, we present Theorem A.7, Corollary A.8, and the results of
Subsection A.3 that seem to be new.

A.1. Definitions and basic results. First we give definitions of regularly varying
functions.

Definition A.1. Let a,a € R with a > 0. A measurable function f : (0,a] — Ry
is called regularly varying at 0 from the right with index o if the following condition
is satisfied:

fOx) o

forall AeR we have lim =A
i w0 f(x)
When o = 0 the function f is called slowly varying at 0 from the right.
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A measurable function g : [a, +00) = Ry is called regularly varying at +oo with
index « if the following condition is satisfied:
A
9(A2) _ o

for all Ae Ry we have lim =
xT—r+00 g(x)

When a = 0 the function g is called slowly varying at 4+oc.

A measurable function g : [—a,0) — R_ is called regularly varying at 0 from
the left with index o if the function f(x) = —g(—z) where z € (0,a] is regularly
varying at 0 from the right with index a. When o = 0 the function g is called
slowly varying at 0 from the left.

We will often use “at 04” as an abbreviation for the phrase “at 0 from the right”
and “at 0_” as an abbreviation for the phrase “at 0 from the left.”

The Karamata’s theory of regular variation is commonly presented for functions
regularly varying at +oco. The results for functions regularly varying at 0,4 follow
from the following equivalence. Let f and g be measurable functions such that
g(x) = f(1/z) for all z in the domain of g for which 1/z is in the domain of f.
Then g is regularly varying at +o0o with index « if and only if f is regularly varying
at 04 with index —a.

In this section some results will be presented at 0 and some at +oo. This choice
is sometimes made based on our needs in this paper and sometimes on convenience.

Slow variation plays the central role in the theory of regular variation. That
centrality is expressed in the following proposition that follows immediately from
the definition.

Proposition A.2. Let a,a € R with a > 0 and let f,g: (0,a] — Ry be measurable
functions such that g(xz) = x®f(x) for all x € (0,a]. The function g is regularly
varying at 04 with index o if and only if f is slowly varying at 0.

The next proposition is a simple characterization of slowly varying functions
which is most conveniently stated at +o0o. A simple proof is similar to the proof of
Proposition A.16 at the end of this section.

Proposition A.3. Leta € Ry and let f : [a,+00) — R4 be a measurable function.
Set b = Ina and set ¢ to be the composition Inefoexp defined on [b,4+00). The
function f is a slowly varying function at +oo if and only if the following condition
is satisfied:

forall ceR we have uglq{loo (p(u) — ¢p(u—c)) = 0.
The next theorem is Karamata’s Representation Theorem, see [10, Theorem 1.3.1]
or [53] for Karamata’s original paper.

Theorem A.4. Let a € R. A function f : [a,+00) — Ry is slowly varying at +00
if and only if there exist b € [a,+00), a measurable function m : [b,+00) — R4 and
a continuous function € : [b, +00) — R such that

lim m(z) =M € R4, lim e(x) =0,

r— 400 Tr——+00

and for all x > b we have

F(z) = m(z) exp (/j —dt> . (A.1)
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The following property of regularly varying functions follows from Proposition A.2
and Theorem A .4, see [71, 1° on page 18].

Corollary A.5. If g is a reqularly varying function at +o0o with a positive (negative,
respectively) indez, then

lim g(z) =400 ( lim g(x) =0, respectively).

r— 400 r— 400

If f is a regularly varying function at 04 with a positive (negative, respectively)
index, then

lim f(z) =0 (lim f(x) = 400, respectively).

xl0 z]0

If the measurable function m in (A.1) can be chosen to be constant, then f is

called a normalized slowly varying function at +o0o. The following characterization
is deduced from Theorem A.4: A continuously differentiable function f : [a, +0c0) —
R, is a normalized slowly varying function at +oc if and only if

zf’(x)
=o0(l) as x — +o0, A2
o = (42)
see [71, page 7]. Consequently, the natural logarithm Inx is a normalized slowly

varying function at +oo. In fact the natural logarithm is the most popular slowly
varying function at 400, while the natural logarithm composed with itself Ins z :=
In(lnx),x € [e,+00), is the close second. We utilize them both in the next para-
graph.

Let ¢ : R — R be a continuously differentiable function. A convenient way to
construct normalized slowly varying functions at +oo is to compose a function of
the form exp(¢(u)) with v = Inz or u = Ins . The following characterizations of
the normalized slowly varying (nsv) functions at 4+occ are easily deduced from the
characterization (A.2):

exp(¢(Inz)) isnsvat+oo < ¢ (u)=o0(1) as u— +oo, (A.3)
exp(¢(lngz)) isnsvat+oo < ¢ (u) =o(exp(u)) as u— +oo. (A4)

To illustrate the power of these characterizations we use (A.4) to present an
example of a normalized slowly varying function with infinite oscillations. A basic
example of a function with infinite oscillations is

¢(u) =ucosu where ueRy.

Since clearly ¢/(u) = o(exp(u)) as u — +oo, characterization (A.4) yields that the
function

f(z) = exp((Inz z) cos(lnp z)) where z € [e, +00),
is a normalized slowly varying function at 4+oco. Since

f(ee(Qk—l)w) _ 67(2](:71)71' and f(ee%") — ¢2P"  where k €N,

we can informally say that the function f oscillates between 0 and +oo, that is f
exhibits infinite oscillations. Notice that a more complicated example

fz) = exp((m) cos(V lnx)) where z € [1,+00),

appears often in literature, as for example in [10, page 16]. That the preceding
function is a normalized slowly varying function at +oo is deduced from (A.3).
The cube root in the last displayed formula cannot be replaced by the square root
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since for such a function the right-hand side of (A.3) does not hold. This was
overlooked in [78, (A.5) on page 570].

A.2. Karamata’s characterization and consequences. The following theorem
is our restatement of Karamata’s characterization of regular variation as it appears
in [38, Theorem 1.2.1], [56, Theorems IV.5.2 and IV.5.3], [10, Theorems 1.5.11
and 1.6.1] and [12]. In [10, 12, 38, 56] regular variation at +oco is considered. Here
we characterize regular variation at 0.

Theorem A.6. Let a € Ry and let f: (0,a] — Ry be a locally integrable function
on (0,a]. Let a,y € R be such that v+ « # 0 and consider the following two
conditions:

a
/ s77 f(s)ds eists as an improper integral at 0, (A.5)
0

/OU s7 1 f(s)ds = ! (A.6)

li = .
010 VY f(v) v+«

The following statements are equivalent:
(a) f is regularly varying at 04 with index «.
(b) For all v € R such that v+ o > 0 conditions (A.5) and (A.6) hold.

(c) There exists v € R such that v + « > 0 and conditions (A.5) and (A.6)
hold.

The next theorem is a reformulation of the preceding one in terms of the differ-
ential of the function under consideration.

Theorem A.7. Let a,a,y € R be such that a > 0, v # 0 and v+ « # 0. Let
f :(0,a] = R4 be a measurable function which is of bounded variation on each
closed interval contained in (0,a]. Consider the following three conditions:

/ sTdf(s) exists as an improper Riemann-Stieltjes integral at 0, (A7)
0
- _
lim v fv) =0, (A.8)
1 v «
lim ——— d = —. A9
i s [ () = (A.9)

The following statements are equivalent:
(i) f is regularly varying at 04 with index .
(ii) For all v € R\{0} such that v+ a > 0 conditions (A.7), (A.8) and (A.9)
hold.
(ili) There exists v € R\{0} such that v+ o > 0 and conditions (A.7), (A.8)
and (A.9) hold.

Proof. Let u,v € (0,a] such that u < v. First notice that since f is of bounded
variation on [u, v], see [77, Theorems 2.21 and 2.24], the integration by parts yields

/U sTdf(s) =0V f(v) —u" f(u) — v /U s7 1 f(s)ds. (A.10)

Assume (i). Let v € R\{0} be such that v + « > 0. Since by Definition A.1 the
function z — z7 f(z) is regularly varying at 04 with index v + «, Corollary A.5
yields (A.8).
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Theorem A.6 implies that (A.5) and (A.6) hold. Letting v | 0 in (A.10) and
using (A.5) yields (A.7) and

1 v N B ~y v 1
7 (0) /0 sVdf(s) =1 Ey) /0 ST f(s)ds. (A.11)
Now letting v | 0 and using (A.6) we deduce (A.9), proving (ii).

The fact that (ii) implies (iii) is trivial. Now assume (iii). Letting u | 0in (A.10)
and using (A.7) yields (A.5), and we again deduce (A.11). Together (A.11) and
(A.9) imply (A.6) in Theorem A.6. Thus, (c) in Theorem A.6 holds and (i) follows
from Theorem A.6. g

Let v > 0. With the substitution ¢ = v7, conditions (A.7), (A.8) and (A.9)
can be rewritten as (see [63, Theorem 12.11] for the change of variables formula in
Riemann-Stieltjes integral)

a
/ tdf (t1/7)  exists as an improper Riemann-Stieltjes integral at 0,
0

limtf(tH/7) =
i f) =0,

. 1 ! 1/7) _ a/y
léff)l tf(tl/w)/o sdf (s17) = 1+a/y

This observation and Theorem A.7 (with v being 1 and « being «/v) yield the
following equivalence: The function ¢ — f(t'/7) with t € (0, a?] is regularly varying
at 04 with index /v > —1 if and only if conditions (A.7), (A.8), (A.9) hold. Here
it is convenient to read the last fraction in (A.9) as (a/7)/(1+ (a/7)).

The next corollary generalizes the preceding equivalence to any increasing bijec-
tion on [0, a).

Corollary A.8. Let a,a,b € R be such that a,b >0 and o > —1. Let f : (0,0] —
Ry be a function of bounded variation on every closed subinterval of (0,b] and let
g : [0,b] — [0,a] be an increasing bijection. The function fog=' : (0,a] — Ry
is regqularly varying at 04 with index o > —1 if and only if the following three
conditions are satisfied:

b
/ g(s)df(s) exists as an improper Riemann-Stieltjes integral at 0,  (A.12)
0

lim f(v)g(v) =0, (A.13)

«

. 1 Y _
{Jlfgm/o g(s)df(s) = lta (A.14)

Proof. Let u,v € (0, b] such that « < v. As in the preceding theorem we notice that
since f is of bounded variation on [u, v] the integration by parts ([77, Theorem 2.21])
yields

/ " g()df(s) = F(w)aw) — Flu)glu) - / " f(s)dg(s). (A.15)

In this proof we will also use that, since g is a continuous increasing bijection, we
have that « | 0 if and only if g(u) | 0.
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Assume (A.12), (A.13) and (A.14). Letting v | 0 and using (A.12) and (A.13)
in (A.15) yields

| a1 = f01900) = [ 9 dat) (A.16)
for all v € (0, b]. Therefore, for all v € (0,b] we have
Fa ) SO0 =1~ gy [ St
_ 1 _ 1 9w -1
o

where, for the second equality, we used the change of variables formula in Riemann-
Stieltjes integral, [63, Theorem 12.11]. Now (A.14) implies

1 L 1 g(v) 1 u 4
T =W, SO =t [

1

(A.17)

Since we assume 1+ a > 0, Theorem A.6 yields that feg™
04 with index a.

To prove the converse assume that fog™ is regularly varying at 04 with index
a > —1. Then the function = — x f (g_l(:v)) is regularly varying at 04 with index
a+1> 0 and (A.13) follows from Corollary A.5 after a change of variables in the
limit. By the change of variables formula for all w € (0, a] we have

a b
st = [ swao

Consequently, (A.12) follows from (A.7) in Theorem A.7 applied to fog~! with
~ = 1. Therefore, (A.16) and consequently (A.17) both hold. Now (A.14) follows
from (A.6) in Theorem A.6 with v = 1. O

is regularly varying at

1

A.3. Asymptotic equivalence of functions on a sequence. In the next defi-
nition we extend the notation ~ of asymptotic equivalence of functions to hold only
on a sequence.

Definition A.9. Let a € R;. For functions f, g : [a,+00) — R4 we write
frg at +o0

if and only if there exists an increasing sequence (x,,) in [a, +00) such that

lim z, = +oco and lim f(an)
n—-+o0o n—-+oo g(mn)

=1. (A.18)

For functions f,g: (0,a] — R4 we write
frgatOy

if and only if there exists a decreasing sequence (z,,) in (0, a] such that

lim z, =0 and lim f(@n)
n—-+oo n—-+oo g(ajn)

=1

Proposition A.10. Let f and g be regularly varying functions at +oo with indices
a and 3, respectively. If f % g at +oo, then o = 3.
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Proof. We will prove the contrapositive. Assume that o < . Since the function
f(z)/g(x) is regularly varying with index o — 8 < 0 it follows from Corollary A.5
that limg 100 f(2)/g(xz) = 0. Thus, f ~ g at 400 is not true. If o > B the
preceding limit is +00, so f ~ g at +00 is not true in this case either. (I

The converse of the preceding proposition is not true. For example, let f be a
slowly varying function at +o0o and g = 2f. Then « = 8 =0, but f ~ g at +oo is
clearly not true.

The following theorem extends [68, Proposition 0.8(vi)] to the concept introduced
in the previous definition.

Theorem A.11. Let f and g be strictly monotonic positive functions defined in a

neighbourhood of +0o and let f be reqularly varying at +0o with a nonzero indez.

a) If f and g are increasing and unbounded, then the inverses f~1 and g—!
g g g

are also increasing and unbounded and the following equivalence holds
fRrgat +00 o f12g71at +o0.

(b) If f and g are both decreasing with 0 as the limit, then the inverses f~!
and g~ are decreasing functions defined in a neighbourhood of 0, and the
following equivalence holds

frgat +o0o < fr1Rg7lato,.

Proof. (a) Assume that f and g are increasing and unbounded and that f is regu-
larly varying at +oo with positive index c. Assume also that f ~ g at +oo and let
() be an increasing sequence in the common domain of f and g such that (A.18)
holds. For all n € N set y,, = f(zp) and z, = g(x,). Then, for every € > 0 there
exists N, € R such that for all n € N we have

n>N, = 1—6<Z—n<1+6. (A.19)
Clearly the inverses f ' and ¢~ ! are increasing functions defined in a neighbour-
hood of +oo. It follows from [10, Theorem 1.5.12] that f~! is regularly varying
function at +o0o with the index 1/ € R\ {0}. By the definition of regular variation
for all A € R, we have
-1
im f_i(/\y) =\, (A.20)
y=+oo f1(y)

Denote by A the closed interval with the endpoints (1/2)Y/® and (3/2)'/¢. By the
Karamata Uniform Convergence Theorem for regularly varying functions, see [10,
Theorem 1.5.2], the convergence in (A.20) is uniform in A while A € [§,3]. Since
the function u +— u® is uniformly continuous on a closed interval which strictly
contains A, we deduce that

-1 @
yEIEM<J;T((/\yy))> = uniformly in A on [%, %] .
By the definition of the uniform limit for every ¢ > 0 there exists Y, > 0 such that

for all y > Y. and for all A € [%, %} we have

f‘l(Ay)>a
/\—e<<7 < A+te A.21
fHy) (A.21)

Since z, = g(x,) — 400 as n — 400, for every € > 0 there exists M, € N such
that for all n > M, we have z, > Y..
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Let e € (O, %} and let n € N be such that n > max{N,, M.}. Then, since n > N,
by (A.19) we have
Z_" ce(l—el+ecC[L 3],

and since n > M, we have z, > Y.. Now, substituting y = z, > Y. and A\ =
Yn/zn € (1 —€,14¢€) in (A.21) we obtain that for all n > max{N,, M.} we have

' (yn)
(=)
As for all n € N we have f~*(yn) = g~ 1(2,), the preceding statement reads: for all
n > max{N,, M.} we have

71277, @
1—2e<<?TEZn;> <14 2e.
1 1 s

Since € € (O, 5} was arbitrary, the last displayed relationship proves that g=* & f~!
at +oo which is equivalent to f~! 2 ¢! at 4+o0.

The converse follows when we apply the already proven implication to the reg-
ularly varying function f~! at +oo and an increasing unbounded function g—1.

We prove (b) by change of variables. Assume that f and g are decreasing with
0 as the limit and that f is regularly varying at +oo with negative index «. Define
the functions fi(z) = 1/f(x) and g(z) = 1/g(x). Then f; *(x) = f~'(1/z) and
g7 (z) = g7*(1/2) and f; and g; are increasing and unbounded. Clearly, f 2 g at
400 if and only if f; % g1 at +oo and f;* 2 gy at +oo if and only if f~! & g!
at 04. Also, f1 is regularly varying at +oo with positive index —a. Hence, by part
(a), fi * g1 at +oo if and only if f;' 2 g;! at +o0. The last three equivalences

prove (b). O

1—2e<)\—e<< ) <A+e<1+ 2e.

The preceding theorem and the method utilized in the proof of its part (b) yield
the next corollary.

Corollary A.12. Let f and g be strictly monotonic positive functions defined in a
neighbourhood of 04 and let f be reqularly varying at 04 with a nonzero indez.

(a) If f and g are increasing with 0 limit at Oy, then the inverses f~! and
g~ ! are also increasing, defined in a neighbourhood of 0 and the following
equivalence holds

fRrgat0, < f12g1tato,.

(b) If f and g are decreasing and unbounded, then the inverses f~t and g~ are
decreasing, defined in a neighbourhood of +o00 and the following equivalence
holds

fRrgat0, < f12¢1at +o0.

The following corollary is a consequence of the fact that the negation of f ~ g
at 400 is the statement

-1
<M — 1) =0(1) as z— +oo.
g(x)

The similar negation is easily formulated for f ~ g at 0,. Each of the four state-
ments in Theorem A.11 and Corollary A.12 can be expressed using one of these
negations. We state only the analogue of the last statement in Corollary A.12 since
that is what is used in Theorem 4.17.
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Corollary A.13. Let f and g be strictly monotonic positive functions defined in a
neighbourhood of 04 and let f be reqularly varying at 04 with a nonzero index. If f
and g are decreasing and unbounded, then the inverses f~1 and g~ are decreasing,
defined in a neighbourhood of +00 and the following equivalence holds

(% - )1 =01)asz 0 & <ch—i$ —1)_1 = 0(1) as y — +oo.

Clearly f ~ ¢ at 400 implies f ~ g at +o0o. In the next example we will
demonstrate that f < g at +o0o does not imply f ~ g at 400 even for smooth
normalized slowly varying increasing functions f and g for which f/g is normalized
slowly varying function.

Example A.14. Consider the following two increasing functions
o(u) = u + sinu, Y(u) =u—sinu, ueRy.
Then, ¢(u) — (u) = 2sinu, and all three functions ¢,1 and ¢ — ¢ satisfy the
condition on the right-hand side of the equivalence in (A.4). Therefore the functions
f(@) =exp(Ingz +sin(Iny z)) and g(x) = exp(Ing z — sin(In ),

as well as the ratio

z .
% = exp(2sin(lng 2)) = exp((¢ — 1) (In2 x)),
are normalized slowly varying functions at +00. Notice that f and g are increasing
and unbounded. For every n € N set

2y = exp(exp(nm)), Yo = (220-1)"PT 2y = (22-1) PP,

and calculate

f(zn) -1 I (yn) — 2 f(zn) — e 2
glen) 7 glyn) 7 g(zn)
Hence f % g at +00 holds and f(z) ~ g(x) as  — 400 is not true. To get a sense

how fast the above sequences grow we list their second entries:

o A 3.64 % 10%2, yp ~ 53710118 2y A 1.52 « 1025888,

and point out that x12,ys, and 27 are larger than the maximum number available
to Wolfram Mathematica on a 64-bit Windows computer.

A 4. Positively increasing functions. The following class of functions was in-
troduced as a generalization of regularly varying functions with positive index, see
[13, Section 3.1 and Definition 3.26].

Definition A.15. Let a € R;. A nondecreasing function f : (0,a] — R is called
positively increasing at 0 from the right if there exists A € (0, 1) such that

lim sup f(\z) < 1.
z]0 f(.I)

A function g : [—a,0) — R_ is called positively increasing at 0 from the left if the
function f(x) = —g(—2),x € [—a,0), is positively increasing at 0 from the right.

A function g : [a, +00) — Ry is called positively increasing at +oo if the function
f(x) = 1/g(1/x),x € (0,1/a], is positively increasing at 0 from the right. A
function g : (—o0, —a] — R_ is called positively increasing at —oo if the function
f(z) =—-1/g(—1/x),x € (0,1/al, is positively increasing at 0 from the right.
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The relationship between regularly varying and positively increasing functions at
400, and analogously at —oo, 0 and 0_, is as follows. Each regularly varying func-
tion with positive index is positively increasing, while a regularly varying function
with a nonpositive index is not positively increasing. In particular, a slowly vary-
ing function is not positively increasing. The exponential function exp is positively
increasing at +o0o but not regularly varying at +oo, see Figure 2.

The next proposition is analogous to Proposition A.3.

Proposition A.16. Let a € Ry and let f : [a,+00) — Ry be a nondecreasing
function. Set b =1na and set ¢ to be the composition lnefoexp defined on [b, +00).
The function f is positively increasing at +o0o if and only if there exists ¢ € Ry
such that

ulrlJrrnoo (p(u) — ¢(u—c)) =4o0 or 1ir%1ﬁélof(¢(u) —¢(u—c)) >0.

Proof. The definition of ¢ implies that
f(z) =exp(¢p(lnz)) forall z € [a,+00).
Therefore, for all A € (0,1) and all « € [a/), +00) we have
f(Az)
=exp(—(¢(Inx) — d(lnx+1InN))).
0 — exp(-(oftna) ~ sna-+ mA)
Now the claim follows from the continuity of the function exp(—z), the fact that the

function —Inz is a bijection between (0,1) and Ry and the fact that Inz — +o00
as T — +o00. 0

Example A.17. In this example we present a nondecreasing function f : [1, +00) —
Ry which is neither positively increasing nor slowly varying. Let ¢ : [0, +00) be a
continuous piecewise linear function such that ¢(0) = 0 and for each n € N on the
closed interval [n? n? + n] it has the value n(n + 1)/2, see Figure 1. This function
can be defined piecewise as follows: for every n € N we have

n(n+1
Since for every n € N we have
¢ (x) =1 if z€(n®—n,n?) and ¢(z)=0 if z¢c (n?n®+n),

the function ¢ is nondecreasing and by the fundamental theorem of calculus for
zg,x € Ry such that g < z we have

+min {0,z —n®} where =z € (n®—n,n*+nl.

x

2= 6(0) — a0+ (o) = [ (1= $(©)de 20

Zo

That is, for an arbitrary zo € Ry we have
d(r) <x— 20+ P(3) for all =z € [mg, +00). (A.22)

Let ¢ € R4 be arbitrary and let x € Ry be such that > ¢. Then substituting
2o = x — ¢ in (A.22) and using the fact that ¢ is nondecreasing we get

0< o) —¢(r—c)<c forall z € [c,+0).
Further, for all n € N such that n > ¢ we have

p(n?) — p(n® —c) = %n(n +1) - <%n(n—|— 1) — c> =c
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FI1GURE 1. The function ¢ in Example A.17

and
dp(n®+n) —p(n*+n—c) = %n(n—i—l)— %n(n—i—l) =0.
The last three displayed relations yield that for all ¢ € R4 we have
111L1%1+1é10f(¢(u) —¢(u—c)) =0 and hi?f;lop(qﬁ(u) —¢(u—c)) =c>0.

The preceding two equalities and Propositions A.3 and A.16 imply that the nonde-
creasing function

f(z) = exp(¢(Inz)) where z € [1,400)

is neither slowly varying nor it is positively increasing.

We point out that the integer sequence 1,2,4,6,9,12,16,20,... of the values
of the independent variable at which ¢ is not differentiable has been exhaustively
studied in [72].

In Figure 2 we present a Venn diagram with the universal set of nondecreasing
functions. On this diagram we informally present three classes of functions that are
most relevant for this paper. The black dot marked by exp represent the exponential
function, while the other black dot represents the function f from Example A.17.
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